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FOREWORD

This work is a continuation of a project whose first two parts were
reported in s document entitled, "The One-on-One Stochastic Duel: Farts I
and II," a U. 5. Army Research Office Interim Technical Report under
Contruct Number DAAG 29-78-C-0012, dated 15 April 1979.

The first report contained, among other things, a bibliography of all

research materials on this subject, known to the author. This report

summarizes the results contained in the papers in the prior bibliography.

The results are given in a common notation and systematically organized (to

aid in locating a desired result) in a comprehensive compendium. q

]

This work completes the project. The prior issue and this volume q
should be viewed as a single work and consulted simultaneously.

Imnediately preceding this foreward is & pege which should be inserted
in "Part II - An Annotated Bibliography," immediately following page B-11.

The euthor would be grateful to learn of any inadvertent mistakes,

omissions, or other e.rors which may have occured.
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LIST OF SYMBOLS, NOTATION AND IEFINITIONS

{ 1. WORD AND PHRASE DEFINITIONS

Burst = A group of rounds fired consecutively in a cluster.

The groups are separated in some systematic manner.

NS T ia A S T L S TR

[ | Usually refers to automatic weapon fire where time

between rounds in a group may be teken as a
consta:t
e . Fundamental Marksman - Refers to the basic one-on-gero (or Marksman versus

a passive target) problem. The marksman fires at

his target until he gets a hit which terminates the

f : - process. The time between rounds (interfiring
times) is either a specified constant or a speci-
fied random variable and is the same from round te
hd round. On each round fired, he may hit his target

with a specified probability which is the same from

round to0 round. The interfiring times and hit prob-

abilities are independent from round to round. He

e G BT erUNN S P TRy T g
ta
-

starts at time zero with unlimited ammunition and
unlimited time to fire and fires his first round at

the next firing time.
Fundamental Duel - Two fundamental marksman (see definition above) fire

at each other as targets until the first hits, which

114




terzinates the process in & win for the successful

sontestant.

Salvo - A firing mode in vhich a number of weapons are fired

in sequence at a constant interval.

Volley - A firing wode in which a mumber of weapons are

fired simultanecusly.
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2. ENGLISH ALPHABET

.z _ A - one of the two contestants in the duel, usually used as a
E'» l subscript

i - event, a kill by A

1 . a - the factor a, when "l/bl reduces to s/v (ratio of
k 1 reletively prime integers)

l : . - time between rounds in a burst

i" j - arbitrary constant

I ; . 8, - A's fixe? _nterfiring time (a.l/bl is rational)

i E AB - even:, neither A nor B wins the duel (i.e., a draw occurs)
P !% B - on: of the two contestants in the duel, usually used as a
: | l subscript

- evcat, & kill by B

b - the factor b, when &, /b, reduces to a/v (ratio of
relatively prime integers)

- arbitrary constant !

LY - B's fixed interfiring time (al/bl is rational)

c -~ arbitrary constant

s

. 7= N

~ function of constants

A S e

CRIFT - Continuous Random Interfiring Times
CRV - Continuous Random Variable

[ - superscript denoting complementary

© e s Y

cy - constants

S g Loxt (e aiod sm s ek o e o .
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cdf

et

crv

)
E(X]

Erlang(k ; r)

complementary distribution function & f: £(x)dx, denoted

by superscript ~, 1i.e., F¢

characteristic function @ [, e!¥® z(¢)at
continuous randam variable

rv, damage inflicted by a single round
value of D

Plround in volley kills | volley hits] (fixed)
aistribution function @ %, £(x)ax = F (1)
thz J-th event for A or M

the J-th state of A or M

the killed state

the acquisition state (available as a target)
expectation of the rv, X

& rv with pdf

e (x) = krk k-1 -krx
X k -

= 0 H elsevhere

X
and with ef &x(u) - —frx)

(rk - :I.\x)k

the Jj-th evenu for B
the l-th state of B

af ofany rv, X

vi

;' ¢ ; x>0’ k-l,z,ooo

T e e e o i Tt el o Tk W B s e i i,




~cdf ocfany rv, X

{ FD - the Fundamental Duel problem (defined on page 1ii)
(‘ % FIFT - Fixed Interfiring Times
% FM - The Fundamental Marksman problem (defined on page 1ii)
£, (x) -pdf of rv, X,
. fB(x) - pdf of rv, X,
' fx(x) - pef of any given rv X, e.g., specifically, the rv's
- Tes Tgr Ty Tpo Tgs 8nd X
i , f(rx)(t) ) dngdf;frfp
i } Gx(z) - one-variable gecwetric transform of rv, X, (z-transform)
:ﬁ ’ Gy(z,w) - two-variable geometric transform of rv, X, (zw-transform) 1
g(t) - paf of rv, T,
5 g, (t) - Rf of rv, T, !
1 .- 8,p(t) - pif of v, Tp|,p
% gy(t) - W of v, Ijy i
| go(t) - improper paf of rv, T, ‘
3 % - gt - geometric transform £ 211 £(n)z", also sometimes called |
i {

the z-transform; and if f£(n) are elements of a pumf,

E )g scmetimes called a probability generating function . 1
: H - event, a hit
; B, - event, & hit on the 1i-th round fired

H - event, no hit

vii
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L. v




TR O T T AT TR T T T

- event, failure to hit or i-th round fired

‘) i
- H(t) -af of rv, T,
1(¢) -edf of v, T,
\ h(t) - paf of rv, T,
ﬁ b, (t) - pf of v, T,
t I] hB(t) -paf of rv, Ty
s By, (t) = Pf of rv, T, . (ssme as h,(t) if no linitations)
,| by, (t) - PAf of rv, Ty, (same as b (t) 1f no limitations)
hH(t) - pdf of rv, TMIH
| - pdf of rv, TMIf{
- pdf of rv, TK
- pdf of rv, TMﬁ

- paf of rv, T, . (same as h(t) if no limitations)
) ]

- improper pdf of 1rv, Tﬁ

- improper pdf of rv, rﬁ‘

= rv, initisl number of roundes A or M has
~ also, same as sbove, fixed

~ sel of positive integers

~ the Incomplete Beta Function Ratio

@ SR s X @l . g

"'1 +k_
= 1-Q-x" 5 (PTETI )k

k=0

viii
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Interfiring Time

imaginary number ( J-l‘ )

an arbitrary constant

a sumation index

independent, identically distributed (ueed in reference to
two or more rv's)

rv, initial number of rounds B has

8ls0, same as above, fLixed

value of J

a summation index

event, a kill

rv, round number on wvhich A or M has & failure
event, no kill

values of rv, K

an arbitrary constant

a sunmation bade:f

P[A kills | a near miss by A}

arbitrary constants

rv, 7round number on which B has a failure

-3t

»
laplace Transform = [ o © £(t)dt

value of rv, L

arbitrary constant
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M =~ symbol denoting the marksman
- rv, initial supply of weapoms
- a constant ¢ a+bd
MIFT « Mixed Interfiring Times, i.e., one side with IFT a rv, the

other side IFT constant

MLE - Maximum Likelihood Estimate
m « value of rv, M

- fixed number of initial weapons
- & constant & [efp]

- number of states in a Markov firing process /

an arbitrary constant

ngf - moment generating function, defined as the same as the laplace
Transform with s (in LT) replaced by -s
N - rv, total number of rounds fired
- an arbitrary constant
N, 02) - & nor..ally distributed rv with mean M, and variance &~
n - value of rv, N
- an arbitrary constant
- a summation index
n, - an arbitrary, ’ixed, round number
n - & constant £ [m/a)
ned - negative exponential rv with pdf

fx(x)-re'rx, x,r > 0

= (0 , elsevhere




with cf &x(u) =r/(r-4u)

P(E) or P[E] - probability of e event, E

% i P(A )f - P(A) for the fundamentai duel

i t P(A), - P(A) for the unlimited (fundamental) duel with ned IFT's
ﬁ i

£ for X and

P - hit prcbability, constant on each round fired

- constant % P[Hil

Pan - Plhit by A on n-th round | n-th round fired)
Fo v, - probability of acquiring the target
Py - Plgoing from state E, to state Ej]
Py - Plof being in state E, initially]
l ; Py - PIXK on next round |H on last round)
a n - P[hit on n-th round | n-th round is fired)
i 1 - first round hit probability
b o .
‘ - PlH, |H, ;) ]
i paf - probability density function, e.g., fy(x) ‘ ’q
[ ; pef - probability generating function (sometimes called geometric i
\\' transform, or z-transform) ﬂ
F puf - probability mass function, e.g., px(x)
| p(t) - hit probability (as a function of time since start) 1
; pix) - hit probability (as a function of time since last firing) }
S :
y i Py (x) - paf of the rv, X
0 .
L
xi 2' ;
A




e -~ o (P b

qQ - miss probability = 1-p (also, for all the subscripted p's

g T TR R T TR R k B

above )
qlt) - miss probability as a function of time since siart = 1-p(t)

¢ q(x) ~ miss probabilits as a function of time since last firing =
P 1- px)
i I R - rv, aumber of hits to a kill (used where more than one hit is
[ | required to kill)
! - sume as above, except a fixed value
' value of rv, R

e |
t

2 rate of fire £ E[x)

l rv - random variable
r(t) - rate of fire (as a function of time) for non-stationary
Poisson process
R - remainder when a 1is divided by b = a-bdla/p], 0 <R <D
5 -« probability of a near miss
7 - rv, wmarksman's time to a firing (any number of previous
firings ) .
- rv, marksman's time between bursts (only when firing in
bursts)
T, - rv, A's time to a kill (unopposed)
TA,H - rv, A's time to a ki1l (unopposed) - used in situations where
A can run out of time or ammunition, etc.
Ty -rv, B's time to a ki1l (unopposed)
'nb - rv, time since beginning of either duel or marksman'’s firing

xii
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B,h

M|H

)
- rv, time during which marksman is in contact and firing

- rv, {(simf{lar to TA,H

= rv, time since start of the duel and opponents are in centact
and firing

- rv, time during which marksman is not in contact (not firing),
or may not be a target

- rv, time since start of the duel and opponents are not in
contact (not firing)

= rv, time-duration of the duel

- rv, time-duration of the duel, given A wins

- rv, time-duration of the duel given a draw occurs

= rv, time-duration of the duel given B wins

- rv, time for A to displace and resume firing

- rv, time during which ammunition is exhausted

- rv, time-of-flight

= rv, time between rounds in a burst

-rv, the event [t <T < t+4dt, H)

-rv, theevent [t <T<t+at,H)

-rv, theevent (t<T<t+dt,1i hits, no kill]

-rv, rv, time to fire the killing round

« rv, time-limitation on the firing

- rv, time to weapon failure

~ rv, time to end of marksman's firing

- rv, ¢time to end of marksman's firing, given a hit

xiii
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T, .« - rv, time to end of marksman's firing, and & hit

M,H
TM,I R - rv, time to end of marksman's firing, given no hit
TM,?I « rv, time to end of marksman's firing, and no hit
] 7, - rv, time to an event in the duel with no kill
¥ ; TR - rv, time to fire R Dhits
7 - rv, uaighting time, i.e., time during vhich A fires and for

some specified reason B does not (e.g., A 4is concealed);
(negative values mean that B has the advantage)

rv, time until next supply replenishment of ammunition

<

; t = time, values of the various rv's above
tJ - fixed time to go from state E j to any other state
ts - value of rv 'I‘S

- fixed sighting time
U(x) - unit step function 2, y, x>0

= 0, x<0O

u - transforms variable in cf

- Pl |By )

v(X] - variance of rv, X 2 ;

v - probability of a weapon feilure i ‘!
- fixed number of rounds fired in a volley by A : '1
- velocity 2 a 4

A - transform variable in ecf k ]

- Pixed number of rounds fired in a volley Ly B i ]

- va:iable of integration

xiv
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- rv, Iinterfiring time for M
- *v, interfiring time for A
- rv, interfiring time for B

- rv, time in contact

- rv, <time not in contact

- rv, searching time

- value of the rv X

- an arbitrary constant

- & constant & [(3+ 1)(”/v)]

-~ discrete rv, number of rounds A fLires before B
scquires A (initial surprise)

rv, time since last event (backwards recurrence time)

value of rv, Y

an arbitrary constant

time since the event, the last contact

-~ time since the event, last lost contact
=« time since the event, last searching period started

= constant, number of rounds in a burst

= transform variable fur gt

%
2. GREEK ALPHARET |
¥
A

a = arbitrary constant

] - arbitrary constant
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I(y) - The Gamma Function

g Ig t”e"ds = (y=-1)! (4r ycf)

xvi

L Y - arbitrary constant
i !
ki ¥(x,y) = The Incomplete Gamma Function
[
o ¢ X veta
i ’ A = increment, e.g., At = increment of variable ¢t
b 8(x~a) - Dirac Delta Functicn
} € - arbitrary constant
¢ - arbitrary constant
/] = arbitrary constant
o(u) -ct of £, (t)
L
og(u) -cf of r”é(t)
0, (u) - et of ni(t) i
OR(u) -c? of f.rR(t) ]
05 (u) -cf of f.rs(t) '
0, (u) - cf of BO(t) x )
| i
3 X = n~th cumdant of t
K| n bn( ) 1
F % - n-th cumulant of £, (x) ' .
.
i A - cycle time in fixed IFT duels = a b =ab, P
i :
- arbitrary constant % ;
i
- characteristic value ?i 1
o
;o
|
4
4
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A Ix(y)
Ay) - this 48 & - , and also
Ry
-f§ Medag
£.(y) = My)e
E ' " - E[X]
t un(A) - n-th moment of g,(t) about the origin
‘ I un(AB) - n-th moment of gm(t) about the origin
{ ' un(H) « n-th moument of hH(t) about the origin
i x : H (]) - n-th moment of hg(t) about the origin
| v - summation index x
‘ : | 13 = variable of integration a
: , ~ summation index ;
, P - fixed time interval between bursts i
! - corr [H, , H_,] 3
| - arbitrary constant j
Py - P[A scores a near miss] 1
Par - Plhit by A on the n-th round, n-th round fired) ;
h ' G - P[hit by marksman on n-th round, n-th round fired] %
\! | o® - V[X) %
T - arbitrary time constant, e.g., fixed time limit for duration ;
of duel or marksman's firing ;
- variable of integration ;

¢(u) - ¢f of h(t)

T T e | . -

xvii




ey e A Qe e T T T ST
o S g- T Ay

1

E o) -cf of Blt)
§ ' ¢ (W) -ef of my,(t)
e e
¢ 0

r ; o, (t) - ef of b (t)

o
Can
o
S

- cf of t‘x(x)

Vol

b ( -cf of f, (t)
! ey
[ ¢ (u) - ef of f’TG(t)
» | v, () -cf of g,(t)

¥ap(v) - ef of g(t)
WH(u) -ef of hﬂ(t)
i ; 1'0(\1) -cf of go(t)

¥(u,y) - jointly, the pdf of the time since the last event, y,

e s e, R el e

and the cf of the DF cf the time since the commencement

i

of marksuman's firing (or the duel)

4

0 a(u) -cf of qt)

3 :
! - cf of Q(X) :: *

w - variable of integration

4. MATRIX AND VECTOR NOTATION

i o
o e .
PSR i AT il au K e

A - m x n mairix with components a, 3 i
ﬁT - 5 transpose
Q'l « A inverse

xviii
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(1) By *** 108 8z **" Sppr ener Ay S *tt Agy)
a column vector of mn components from the A matrix. N.b.,
if A is known (é)v may be written down and vice versa
Kronecker product, i.e., & matrix whose ij-th ccmponent is
‘:I.d B
n component column vector

a transpose, a row vector

an m x n dlagonal matrix,

(1,1,+4¢,1), n component, row vector of all ones

= the exponential matrix,
s/ L 4 £ Al .
(-6-!-+ﬁ+-2—!+---+-ﬁ+---)

identity matrix of appropriate size
initial state probability vector ¢ (po,pl, .o .,pm)
& vector of appropria’ie size e (1,0, 4¢4,0)

a vector of appropriate size £ (0,0,..-,1)

SR SRR VT Ry T e e Y
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- stochastic submatrix of § for transitions from transient
to transient states

- a vector ® Q-p,p ;o)

- & stochastic subvector of ' € (1-p,p)

- interfiring time vector £ (tyity,e-est )

- state transition matrix

- stochastic subvector of § for transitions from transient
states to kill state

- characteristic value vector ® (7‘1’)2""’)':1’”"%)

5. OTHER MATHEMATICAL NOTATION

N> M

*

[x]

= is approximately equal to

- is defined to be equal to

- convalution operation & J¥ £(t- ) r(e)ag = £(t) + 2(¢)
- number of iterated convolutions of a function with itself,
e.ge, f(t) % £(t) % £(8) = £%(¢)

is distributed as

largest integer less than or equal to x

max (largest integer less than x,0)

fa m!
binocmial coefficient m

vhen placed over a symbol, denotes its maximum likelihood
estimate, e.g., P =ME of p

B Mt SN mima i ke = o
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) 1ﬂ

1
| | - symbal for conditionality, e.g., A I B means the event A,

given the event B !
= ~ syubol meaning implies that, e.g., A™ B means that A
implies B

o(At)

My . Be(x))

! 3"

order of At = 1lim 9—%2 = 0
At =0

PP TR WOPIE WO

lx-O means evaluated at x =0, e.g., f(x)lx_o = £(0)

(p) I

the Cauchy principal value of an improper integral

! . fL - same as ,[_:: i‘f: vhere € is finite but less than the

I ol oM a5 P el S IR

distance to the nearest singularity in the lower-half of the

complex plane; this integration may be around any of the

. a——
IR RS i~ e

contours in the lower-half of the complex plane shown, as

4
4

appropriate or convenient, and ags R-» =

v
YT

! the integral on C must — O a8 R —» ®; the first

S ot e e

€

path is only useful if there is no singularity on the real
line

Iy - same as [nl5 where € is finite but less tban the N

?
)
¢
f
4
Ei LI distance to the nearest singularity in the upper-half of the




e e

A ——

complax plane; the integration may he around any of the contours
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| INTRODUCTION

X :

b

-

-

2 l : In this compendium, the notations in the page margins, such as A&Wl,

:

» refer to the sources of the result. These sources are all listed in the pre-

! | ceding annotated bibliography. For example, A & W1 means the first paper

N

o in the bibliography by Ancker and Williams.

.

I ‘ An asterisk (*) 4n the margin means that the result is new and given

oy hern for the first time.

: ‘ .

[ 2 A double asterisk (**) 4in the margin meens a result for which a

3 mejor error in the original manuscript has been corrected.

All marginal notations apply to the result given on the line om which

|v“ u

' the notation appears and to all preceding results up to the next marginal

. notation.

P(B) wm usually be cuitted as it is casily derived from P(B) = ?
A - ’ 3
$ ' 1 - P(A) if & drav is impossible or from P(B) =1 - P(A) - P(AB) if a )
k ‘ drav is possible. fn
¥
i 4;
:
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II.

THE FUNDAMENTAL MARKSMAN PROBLEM - FIXED
INTERFIRING TIMES

M - FIFT
FM-FIFT
x-al
P(H) = 1
P(TM-na.l)-pqn-l, ns=12,..,
-1
P[N = n) = pg® n=12,...
» ! e independent of &
1 1+
E[N] = 2, p[\¥] - Ltg
P 2
P
no-l
P[N > no] - g A&QGl
LIMITED AMMUNITION
& RV
[ -]
X=a,, P[I-i]-ai, PI=o] wa,, o + Z o =12
1=0
- - ] [ -]
P)=p ) qn-l< Z 4t ) *
n=1 1=n
hod
= i
P(H) = Z q ai *
i=1
had
P(H)P(TM MJ_IH) Pq [Z ai-o-a“] *
i=n
- - n
P(H)P(TM-MlIH) =qa
C3
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FIXED SUPPLY

x"l’ ak.l) au.ai'O’

P(H) = 1 - "

ch
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Lo
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4 ; P(H) = q

b

> P(s) B(T, = na, | H) = pg""}, AmL1,2,...k *

P(H) P(T, = na, | ) = ka, g~

| " C. I EITHER a RV or a CONSTANT

-»

e SRR ST T

P(T, =na ) = P(H) P(TM-nal |H) + P(H) P(T, = na, | §) *

III. LIMITED TIME DURATION

e A, T, s RV WITH pdf fp
Lo \ L
P X

L g

A

P(H) = p L q"l/ ty (t)dt

n=}
(m 1 )a

E P(H) = fm fo (t)dt

P(H) B(T, = na, [H) = pq™t j £o (t)at
na

1 L

{ t/a.ll “,
P(H) b_(t) = q £y where [x] = largest integer < x . i
H L .

or. i Batce i SR EE

P

-

B. TL A CONSTANT

Lt x-alt"/a]
PH) =~ 1-q

(t/a,]

o m - D

e M N e i

P(H) » q

TP
X




- Y
L R et i Sl i Ao i natiet i e LG e ¥ T

P(H) P(TM = na, l H) = Pqn-l.v ns= 1)2)"':[1/‘11

[t/a,]

P(H) n_(t) = ¢ 8(t - 1)
H

c. FOR TL EITHER A RV OR A CONSTANT

h(t) = p(u) P(T, = na, | ") 8(t - na,) + P(H) n_(t)

‘ H

. 1 _-t/t

: Example: Let fTL(t) =z e , xa 8, then

; P(H) = -.1 /o(- ’
i l-qe *

E

" -g /T

s P@) - lee 1

y 'alﬁ ’
: l.qe

7 -a, /7

1

| P(H) P(Ty = na, |H) = g (qe » o,
{

f

g [t/all

| AdGe PE) b_(t) = Lo /7 .

H
V.  TIME-OF-FLIGHT INCLUDED
X = '1
TF = rv time-of-flight
c6

i L . _

Rt
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V.

No delsy between rounds fired

Tx = rv time-to-fire killing round

T

i time-to-hit target

TF =T, a constant
pTK(nal) - pN(n) - P['I‘K = na.l] = P(N
- Pqn-l ’

pTM(na.l +T) = P[TM = na, + 1] = pq

MARKOV~DEPENDENT FIRE

E

N=

-n)

ns= 1,2,...

l' n-1,2’...

3 J =0,1,2,.0.ym states of the system

E, - acquisition state (starting state, i.e., ava’lable as a
target
E, - killed state (absorbing)

=3
]

4 other arbitrary specified states,

u’d
n

Plbeing in state EJ initially)

J;‘O,m

Pyy " Plgoing from state E, to E J] » transition probability

1T = (p Pysees,yP ',p ) = (mT ; ) = initial state vector
~0 o2t RO 'V R Y ~ Pn '

In wvhat follows:

ET-(J.,O,O, «es3,0) - m components

c7

4
|




L
- -
e 8

A
; = —— |- , transition matrix
| ! 0 I 1
b !
E !‘ td - fixed time to go from state E 3 to any other state,
}:\ , ‘% J -O,l,Z,...,m-l
‘; 1 ET - (to,tl,... ’tm-l) , interfiring time vector (times may be
3 different for each state)
3
y':
Bal E(1,] = m (1P ty
& :
? A. m=3
| Lot
( i R = rv number of hits to a kill
p = Pk |H], Q "1-p
8
'f“\)—« | a

d

{3
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‘ : M. JIFT
i;’»:; ; :

; ‘ : pn(r) = pk :l, r= 1’2,0.0
ok
: | " - 0 , slsevhere
b B N = rv number of rounds to a kill
k : P - l-st round hit probability, q = la=- Py
i\ p'Pmilni-l]’ q'l'p) 1>2
ol uw = P[H, |H,_,]
; it acq " HK X
S
i i acquisition 0 1-p pl(l - pk) : PP,
:;{ (miss) H 0O l-u u(2 - p.) | wP
A
. §- -
3 i (bit, not killed) HK O 1-p p(1 - p.) : PP
. ==
j (kid) X © 0 0 |1 J/
O
ty + b+t
r = tm + tf » 8ee definitions below
3 )
li'
N th * %
v r-l
Py |pnlr) =m0, n=r
- X rek -1 S WA -1 nereibl |
= ” z < )p \ )(1 u) for
k*2 \ k=1 K-
r r-1 n-re-1
+q 2 )Pr quluk< )(1- u)iorek
i k=l \ k-1 k-1




i FM - FIFT
b
g | TABLE I
0 \) l THE MARKOV DEPENDENT FIRING DISTRIBUTION: KN |R = a + y)
Fo p |0.9l0.9]0.9l0.90.90.9]0.90.9]0.9]0.90.9]0.9 f0.9{0.90.9]0.9
o u [0.1]o.1]0.5]0.5[0.5]0.5]0.5 |0.5[0.9[0.9]0.9]0.9 |0.9|0.9]0.9]|0.9
;(l i pl 0.9 0.9]0.210.1 005 005 0.9]0.9]0.1]0.110.1 0.5 005 0.9 009 0.9
’|' r (515|515 [10]5]20)5[2025[5 |10|5 [10}25
'%;.{ y/alb(3s|ulolulo{u|olulolaw]|us|o]ug]ay
H ; 1 [590{003 (066 |039 {328 |19k [550 1349 066 [039 |02 3| 328 [194 | 590 | 349|206
AR 2 1033003310 (194 237 (194 |164 |194 |558( 349|217 | 426 | 349 295 | 349] 309
A 3 {030 (oce {222 {188 (161 [167 {100 [145 (272 | 351 | 302 180 [262 [089 |12 | 247
0 L lo28 |00z {150 |160 [105 [132 [060 (200 081|179 [235 |o51 |128]021 [077] 140
oy 5 {026 |o0e [097 |125 067 |099 (036 [0T2 (019071 (131 fox1 |ou8|  [c5|063
| 6 |oek|oce |o61 1093 Jok fo7a |oB1 kg | |ce3lose|  [ois ozl
| 7 |02 |00z |038 |066 |0e5 Jokg joxz |0z 022 008
i 8 020008 |023 [0k6 [O15 [033 (007 021 007
i 9 |o19|oo1{o1k 031 foog joz2|  [o13
P 10 |017[001{008 fc21 {005 [015| {008
L 11 |016]001|n05 jo13| ~Joog|  oos
. 12 |oakjoor| Joog| 006
1 13 [o13joox|  |oo6
14 |01z |ood
15 (o1
16 |010
17 (009
18 |009
19 |008
20 |oo7
21 |007
22 |006
23 |006
2k |oos
25 005
26 ook
27 jooh
28 {ook
29 |oo3
003

R&S1
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TABLE I -« (Continued)
THE MARKOV DEPENDENT FIRING DISTRIBUTION:

PIN|R=a+ y)

P 0.1/0.110.1]0.1[0.110.1}0.2(0.110.1 0.5 005 005 0.5 0.5 005 0.5
u (0.5]0.5[0.5]0.5[0.9/0.9{0.9]0.9]0.9{0.5[0.5{0.5|0.5]0.5[0.9]0.9
Py [0+1/0.1/0.9(0+9]0+1[0:1/0.2]0+5]0.5/0.1{0.1{0.5/0.5]0.9]0.1/0.1
r |5 (|10]% 1015 |wW]|15|5 15| 5]10]5 j10{10]5]10
y/a| T |18 6 27| T7 116|256 |2k sl ]k 11015 |1
1011 (008|012 (010|054 0311017 (021{009}041[016{031]013 (020 [073|019
2 (036 017|045 (021|231 [104|053({128|032 17.36{030 078|027 038 [220| 062
3074|029 097 (035 [438 [225 121 | 349|083 121|047 | 117 [okk [057 | 308|151
41209 o4k (135052 |196(289 (199 (326 |158{137|064 | 137 (051|075 [237| 194
5 (1290591471069 |057(200]229(129 216|134 |0T9|137 |076 1089 111|211
61132 |073[138(082 [013{095|182 [035 [210 (119|088 |123 (087|096 [035] 174
711211083(117(091 035|109 149 (0980931103 (093|097 |008] 112
81102 {089 (092 |09k 011|052 082 [077]092 081 {093]093 057
9 {0B81[089|069 091 021 037]057|086 | 060 |088 |08L (o A1
10 062 |086 [okg | 085 007 015 [ok1.|078 |okk 080 |07k 009
11 [ohs |079 |03k |0T5 029|068 |031 070 {062
12 |03%2 |070|023 |06k 019|057 |021 [059 |os1
13 {022 |060 |015 {054 013|047 |01k |okg (OhO
1k {015 [okg 010|043 008|037 [009 [039 (031
15 |010 |0LO 006 [034 005 (029 |006 |30 |02 4
16 |006 |03z 026 22 023[018
17|00k {024 020 017 017|013
18 018 o1k 012 013|009
19 014 010 009 009 |006
20 010 007 006 007 [005
21 007 005 o004 005
22 005 ook 003
23 ook
24
25
26
27
28




bttt

n 2 r+ 3, J = 1,2,000

Btou [ P+ qusz

r-1
Gy | gla) = ‘r[ 1-(-uk ]L (2- (ou)g) T ]

|
! q
e | q{r - 1)
| E[Nlnl-unln-r»fu»f =
b
\ !
’5‘-5;{.! | T, [R = rv time to s kill, given R = r y
i %
é{ E Tyl R = cl+c2r+c3[nln]
v
L]
ot where
.
o )
i\:\ g °1'ta* tl th °3-tm'. tf
"L G =ty =t e =ttt -t
and
ta = acquisition time
t, = time~to-fire first round
1 all
t, = time-to-fire, given lust event was a hit ecnstants
tm » time-to-fire, given last event was & miss

B0l tf = tine-of-flight
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or

M FIFT
E[TMIR] = c v re ch[NIR]
=t -(p——p-ﬁ*-[cz-o-c +c’(3)]
E(1,] = z E[T, | R] R (r)
| r=l
- ot 2 R, [c2+c+c(3)-] B2

kil

B. m = 3 (SAME PROBLEM AS A) DIFFERENT APPROACH

Gla) = w2t (B G B 9O -w-p pG-uf
N 1-{{2- u)+qu]..+ {p(1- “)Qk"'uq]z

klz-r kz.za

B8 etn——-

B3 8t ke

pN(n) "kl s nw ]
* kg - Kk ; n=2
- plk’;+ﬁz7\g ,)i,,\a real \
- (¢51+ B, a) A =X =2  real, where

2
1) X s\ 8re the roots of 7\+ku)\+k5-o > n>e2

(KR =2 N+p ),
2) al,pa are solutions of

"5””1"&'”1"?*”2’2

T S e

- - e S e -

S i

o i o Sk,

i,




or
i when
|
- |
" 1 1.6"
|
Al
-
(b and
i

RS . 0 A A S gl APy Sy

= vr cos (no+B)
3) "1*% are complex conjugate,
Nz ® r(cos 0 + 1 8in @), (determined from 1)
above)
4) v eand B are determined from
k, =Yr cos (0+p)
ks'lﬁ.kh = 'er cos (20 + B) .

u+pkql+ qkq
upk

E(N] =

£ I

v[n]--l-+<pk_“l.pi_“£3)<%,,
u

)

. TSy

Py
2
+ u+ q <u+q
Pku2< 1) )
2
2q, 2 (w+ p,ow +q af
Tz “*q) - Z 2
P u v
<, c':3 c:3 Zc5
P Z (-2 )plz +ug
c}TM(Z) - cs 624 o5 cs §c5
1-(Q-u) +q z (p27(1-z2)+uz 7]
C1u

il . it 5 i st
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1
1
1
1
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C. MIE ESTIMATION OF p,, u, AND p

ls Let 51'82 PR ’Sk be k independent sequences of trials,
]

;’) each trial terminating on the r-th success. Define

o]

ngg = number of transitions S —> S (success-to-success) ,

in sequence 815 similarly, néF and ";s' Also

Number of the sequences which have

i, S & success on the l-st trial
N o Ng
| R * X ’
L!‘ h

L z “;s

A i=]

| P = x 4 4 =
: g (nge *+ ngyp)

‘ yoy 887 TsF

2

v X

P

’ k

i

A =

s . gm TS

B k4 4 ’
1 = ( + )

;. ey 78" TFF

also,

C15

SRR

b M. e . P B
SIS ARy eey ot Mt ar emr 7 o8 TR -




™ - FIFT
R&S1 y|r = T * 2, -pir-1)
u u
D. FIFT
. T

ST = (a),a,8),00000) = e ! !
’ L %
ol P(N=n] = P[T, =na] = u® PPl , 1
“ f M h ~ o~ ~ i
o ‘
g g !
‘. t, T -l » |
) N] = - P '
N E[N] = w(I-2)" ¢ ’ |
: l !
| ! H
U o T -2 T -1 _ 42 =
- Ba2 V(N] m(I+ P)(I-P) e, - (@ (L-2) gm] .
1

E. BURST FIRING

rounds per burst

®

time units between rounds in a turst all constants

time between bursts

Lo

. Ba3 PN =n] = E‘T En-l t . 3 ,
| |
! i
g VI. MISCELLANEOUS RESULTS g
| FIXED TIME LIMIT - KILL PROBABILITY A NONDECREASING FUNCTION b ‘
OF _IFT_AND ROUND NUMEZR
x's may be chosen by firsr but are > 8, a given constant ;
| 3

Ty

C16
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i -X
q, = q I [(a+ (1 -Q)e 3] y %09y given constants.
i 1 j=e

T. =T > B, a constant (measured from time 1-st round is fired).

L

The selection of X5 %) etc., to obtain maximum probability of a
kill in time T follows. Maximum number of rounds which may bde
fired 48 M =1+ (7/B] where [x] = largest integer contained

in x.

n
P (n) 8 ] = I
H - 4

A = an unknown constant to be determined.

THEOREM: Optimal x,'s are

i

X 2 X520 2% 28, 2<ngM

such that xi's are determined as follows:

l. select a fixed n,

2. solve
-0 (52 ) s Y m(asitl) ..
1= A
for A\,
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1 T AT T ST (AT M TPCTRRCYINIY MITETETINCG, Cribn, S TR 1 ] (I e T myyag og
il e o

3.

4

6.

8. 12:NL0, oseet X, * B and retwn to 1, with n
replaced by n~1l and T by T-f, and
be 42 A 0, 8° o 3.

Compute,

1‘ 1_0 / - .
xi = 111(-'&‘-’)*' lﬂ\ e i."l‘“l),i‘l,z’..-"n’

repeat process ). through 3. for n=1,2,.00,M

?

for every n, compute PH(n), and

N S - TPy

select n for max PH(n) .

VL s,

PSR PUORU S

18

AR

s,
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o
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I. FM « CRIFT

| ; P(H) = 1
| ' = bt ~itu
| | J=0 B

| G((w)) = o) = REL Wan

(n)
b () = &40 A&G2
f n 40
! ?
' « -itu
o -2 uil - e
H(t) = 5% J:w %—H—DTJI_ IO W&AL
: Oo(u) l- q$gu5
| n-1
; P({=n) = pqg —, n=12,... \
!
i :
b E[N] = % and  E[N] = ;-Lz-g Independent of X ,
S P ;
1 n,-1 :
| PIN>n] = ¢ . A&Gl ,
| | =0 ;
.".' , |
.5 Cumulants of Time-to-Hit (X) In Terms of Cumulants of IFT (k) "
: !
d 1 1 1
oo BTy "pt T
| 1
: i
; 2 2 2 4
4 : KZ = -]é' (ptz + qﬂl) - % (PO + qH ) :
X i P p
z : ;
I i k
: : Xy = ;5_15 [p2‘3 + 3pq KK, + q(1 + q)ni) = i
: .
o :
;




e s

. -3-5 [p2n3+ 3pquc” + q(1+ QW)
P

2
w1 X" - [p3nu + Pl ey + 3(P ) + 6pa(1 + Qo !
R ‘

+ (% + 6pa+ 6q° )uh]

S Example 1: s

X ~ne d(r)

- P
o(u) pr - iu 3

n(t) = pre Pt

We AL t -
Aee B = [ on(ar = 1-ePE
0

1.0

1. 0.8
K.

g
=
.“: I

A
N 0.4

0.2

A6
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n=-1);! - dn=-2)¢
n " (pr)n and "tn rn * w1
Example 2 :
X ~ Erlang (2,r)
O(u) = b pr® A&Gl
[@r - tuf - belq]

—e - lpre sinh ZrN[qt
Yo

by ZpestTt 2rVat _ 2rvgy 2ppe-2T
2 A

e-Zrt

H(t) = 1 - [-um 2r Vg t + g cosh 2r Vg t]
Yq




IR

e

N S C

P
|

A6 h(t) = '&E};}aﬁ

Example 3:

X ~ Eriang (n,r)

(pra)®
¢ =
() (rn - 1) - (rn)%

'5';1 nrtgl/ng (273)/n
’ n-l

420 1 (e(izwa)/n_e(tzn)/n) !
k=0, kyfJ ‘

nrt

nd ‘,123 e(iz‘"'d )/n emql/ne(izﬂ'd)/n

n=1 X ’
4=0 n sin 7 2=l
k=0, k} n

II. MULTIPLE HITS TO A KILL

A. R_HITS TO A KILL = R FIXED

$(u) - ( RO

00(“’ - 1= ¢u

>3

RASAL) Ak i HaL R

n= 2’3’00'

n=2,%.




tuy - S Me)at
Wuy) = () + oplule O

R
w - [ r2g |

Example: Let X ~ ned(r)

bh(t) ~ Erlang (R;pr) .

B, R_HITS TOAKIL« R &RV

P[R'i] - Ei, 1.1;2’0uo
[ ( 1

blu) = Z Gil: i_;g{qu u ]
1=}

Example: Let X ~ ned(r)

e, » (1-ekl?

S(u) » =i EPE . w p(¢) ~nedl(d - €)pr]

pr(l-€) « iu

C. LIMITED AMMUNITION - R HITS TO A KIIL (R FIXED)

Plx = 1] = o

24




i

Kw
&1

i=R

-1 - -
PIK) ~,2a1+ Zail}j (3)1:““1"‘1

4=0 i=R J=0

h(t) = b it)+ PE
N SEPEEE EE SN
n,(t) = Z a, ( )p ¢t (¢)
feR 40 J
Example: Let X ~ mned(r)

a - (l'a)ai) i=0,1,...

i

P[i]-1~<-l-§%»€)

R
opr
® (u) = ( R oE AR

D. LIMITED AMMUNITION - R HITS TO A KILL - R & RV

PlI1=1] = Q, , i1=0,12,...

PIRw=i] = € s 1=0,1,2,...

G5

PP SUR Y -
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M - CRIF?

[ ] J ®»
°1(“) = z ed[i'?%'l?ﬂ:\ z C!i(l-Iq‘(u)(i-J-t 1,3)) ¢+

J=1 i=J
P[R]-ied[io&-"iaiaz(tbvqi-v:l .
a= 1=0 =3 w0
Example :
@ = (1-ak', i =0,1,2,...
e.1 = (1-(-:):-;‘1 , J =0,1,2,...
X ~ nea(r)

- 1-0
P(K] = R Ty

- QEpy
U e ) e Xw & E1
E. DAMAGE

D= rv, damage inflicted on & single round

i
Y

1. e As & Function of Round Mumber !
Lat ;

]

i

rv total (4n k rounds) 5

- p(k) & D, where D, ars iid and ~ D *

i=1 i
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Let rv no. of rounds to total damage <a = K(4).

T e T T T M N D S T R T T X

| Therefore
|
i P[D(k) < d] s D(k)(d) = &(d)(k)’ k= 0’1'23000
, : | with a <bv (killing damage).
o y
o |
! t Tvo Cases 1
E : 5 a. D_1is Discrete j
m 5 |
; P[D = 2] = p(2), Z p(2) =1, se1°, 3
4=0
3
t;i Oy(a)(s) =1+ 2 Pp(4) Gg(goq)(2) - 1\
? 4=0 s
1 ’ ]
b. D 1s Continuous ;
3 |
Ply<D<y+ayl = f(yhy X :
g
y a
Oy(a)(e) =1+ = ‘/o Oya-y)(%) ¥y |
( -1
For Either Case | i

®(u) = 1- 11 - d(u)] Gyrpylé(a)] .

c27




]

|

i‘l‘[vu

M « CRIFT

Exsmple: X ~ nod(r)

pp0)=a, p)=p, p)=v, a+p+y=1

b
iu g
®u) =1 + \iu - ry [{rﬁ.-a)-iu}'lj

2. Damage is Time-Homogeneous

P[Marksman fires and increases damage to target by amount
L in time [t,t+ At) = pD(I)At + 0(aL)

where

z‘ pD(l).pD’ O<PD<1, ICI*. .
=)

(n.b. probability of firing and probability of damage are
both included here. Non-steationary Poisson process).

D(t) = rv, total damage - up to time t (integer-valued)

Fo(s) L Pn(s) < a) » 4<b (killing damage)

Let
GD(z) - z gl pe)
I=]
t[zG. (z)-p.]
GD(t)(z) - i zd-l FD(t)(d) . 1i'z . zDz pD
d=]
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Pp - £Gp(z)
h(t) = coeff in the z expansion of | —=y ¢
bl
z

e-[pD-zGD(z)]t

or

- GI()
é(u) = coeff in the z expansion of [?leiz ]

. Ipp - s0(z) - )™ .

3., Damage is & Function of Round Number and is Time-Dependent
P[Markeman fires in (t,t + At) |n rounds fired previously)
= r_(t)Ay+ 0(4t)
P(Marksman fires n rounds in (0,t) = p(n;t)
n.v. essentially, & non-stationary Poisson process

for each round fired:

P(Miss] = a , P[Damage but no kill] = g8, P[Kill] =7,
a + g+ ¥ = ]

b
Plx <D< x+ dx| damage) = £, (x)ax , x<© (maximum t:l)era le

n.b. target is destroyed either by killing or absorbing
damage > b
e of f£(x) = *D(u)
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D(t) = rv total damage in (0, t)] target still alive
FD(t)(x) « P[D(t) < x|target alive)

et of FD(t)(x)‘wrtx - WD(t)(u)

t 4
ww) = [ Zo py(n i ) 5, ()8
?awn(u)»ua]w(t)

VD(t)(u) .. £ 1u

3 j~+ i€ [-1me+(awD(u)+a.1]w(t)

FD(t)(x) * W " g6 e %‘l
T, = rv time toa kill; r; (t) = Plz, >4
K
S F.‘;K(t) -y Z py(ns¢) r (¢)
n=0
h(t) = v ZO pN(n;t) rn(t) FD(t)(b) - FTK(t) 3% FD(t)(b) N&J1
n‘

III. ROUND-DEPENDENT HIT PROBABILITIES

A.  UNLIMITED AMMUNITION

p, = P[Hit on n-th rouna | n-th round firea]

p“(n) "o " P[Hit on n-th round , n~th round fired]
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g
n-1l n-1 I ,
Oy = Py 1] (1’1’,1)'% 1 Qy where 9 *1-py5 G, =1 t:{
3=0 3=0
®u) = ) o $u) i
n=1
- n
ms, = W) - b)) P ] q, - .
n=l J=0 3 ,y
w2 or O(u) = GN(Mu))
© n ' ‘
fuy - ¥ ME)at
* V(u,y) = [U(y) + Z 1] 9 $"(u):'e 0
n=l j=0

Example 1:

q = (g-l)a - N—;—ia; J=12,2,...,N

N,a constants
- 0 3 J=N+1,N+2,...

e S =3 Nel; a > o0

®(u) = 1« (1 - ${u)l(1+ apiu))?
and if X ~ ned(r)

Mu) = 1+ ==V _[(4a)r. g)F2
(r - iu)
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Example 2:

_ q
. qy "JA 3 J ™ L1,2,4.0y3 1-q, = 1-st round bit probability

®u) =1 - [ 1- é(u)) exp (ay é(u))
& if X ~ Frlang(2,r)

2
, (r - 1u)? +u(u+24r) expl. Nl :]
. (r- iu)
! Q(u)

B I e AR e

(r - 1u)

Example 3:

Same as Example 2, except, let X ~ ned(r)

' ' p - -
. r iu[l r_iu)‘-l

e e (AT T TR L SR Ty T TN TR R

o(u) =

r - iu

Example L:

n-1,2,..., 'f g

SN GNP CON |

0<f.<1, k20

Ty - ktl
P, {

monotone

P, * % ¢ » ncn-decreasing
n K(k+ 1) eee (ke 3+ 1) 1-¢ J sequence
. 40 aln+ 1) +++ (n+ j=-1) "'_’) for k21 \

P = ¢
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TR
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4 1 - 1. £
S P My 1+ Kk(1<=E)

k
Z npy(n)

i n=1
4
?
“ ; pl< p < pm
o linm pN(n) ~——  Gecmetric (f.'- p) ,
. k =0
B lln  p(n) —— Poisson (A = q/p)
k4w
T : -q/p
) : r = e i
b Py 1

! : .:
! l‘ pn - ‘:l':— 2 + e “g
; , 1 -+ A- -+ —é—-ﬂ-—-_._.
B o )+ )

\g L]

:
:‘: pw
t

+ +oco+n 5
MLE ﬁ'=1/;1 where 1'1'=nl nzz L, where

n; = i~th sample from Py(n) where there are 2 camples 3

N K 1s the solution to

+ " -
y i £+ 1 k+n 1 1l ]
%
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§
; b(u) = *‘“)[ T (T- %) ] we
i
 * B. LIMITED AMMUNITION
l. Pixed Supply of k Rounds
N k
: X
, o, ) = il g, ¢ (u)
; n=0
o
N : tuy - ¥ A(p)at
1 *(U)y} - [U(Y) + Y H qd ‘n(u)Je ° ; Wwhere
n=l §=0
?

the second term in the brackets is zero for R = ]

n-1
¢ (u) = i N u) = i P, H q ()

n=1 n=l J=0
- k
B(e) = ny(t) + ] q 8(t-w 1
n=0 }

2., Ammunition Supply a RV f

| P[I=43i] = Q ; Z o =1 Bh5S b
i=1 i
1§ - 1 1
ko ' i 1
G = ) a T o #w ]
. 5;
*
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n=l 4=0
where 2-nd term in brackets is zero for i=0,1

. G = ) o 2 o #°()
| 10

N > 2 tuy - /% M(t)at
b * ¥lu,y) = [U(ﬂ + Z % Y I q *n(“)‘le A
:’ 1=0 <

T T T RN T A R e L W R TRy oy
RTINS T AT L TR I AN N T RS

]

3

b n=1

an - 1

.- Bh5 h(t) = n (¢) « Z o il Q, 8(t - =)

1 D im0 n=1

2

co IV. TIME-DEPENDENT HIT PROBABILITIES

Lid A. p_A FUNCTION OF TIME SINCE START

| P(t) = P(H | a firing st time t)

q(t) =1 - p(t)

ef of q(t) = a(u)
0 oo

B7(t) = q(t) £(¢) + q(t) h(t - 1) £(1)ar

L 0

oo 0 |
h(t) = £(t) + f h(t - w) £(waw - n(¢) {
0 -«'
;
| Y -'1"
; Splu) = = f_“ a(w) é(u ~ wlaw

| L e 4
} v o5 /:“ a(w) é(u - w) Oy (u = waw

€35
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¢(u) b(u) + [¢(u) - 1) 0y (u)

If Q(w) has one (not necessarily simple) pole at -Wy in
the lower half of the complex w plane, then

S(u,wo) = zln j:u B(w) é(u - w)aw (xnown)
and

Oplu) = s(uwy) + 8(u,w,) 0 (u + w,)
or

2 J
OO(u) = Z H S(u + kwo ? wo) .
§=0 k=0

Example 1: X = ned(r), q(t) = ne™®®, a(u) = n/(p-4u), then

[ -]
. k )4 : {
- /o Z i(-1 o
Op(u) = nre k! lu+ i(r+ (k+ 1)p s
k=0 ;

- - - -pt-
ho(t) £ re rt ne ot e nr/p[e 1]

-pt
h(t) = re Tt e-nr/o[e P¥.1) Q - ne-ot)

C36




o = e TR e

Example 2: ned(r) omly:
p = p(t) - continuous, integrable; 0<p<1

a
lim p(x)ax = »
a =y 0

t
n(t) = rp(t)e Jo plxlex

Sub-Example: A Closing Engegement

8
P(t) = ——=—% ; 0<t< t; ) ar,vt, positive constants
(r8 - vt) 8870
- ———_.7‘ ; t >t a<(r -vt f
(r' - Vto) ’ - (0] - r.- 0 ? Vto < r'

we

t
- at
fo plxlax = WY 5 0stst

s''s
a(r.t-vtg)
- 2 ; t>t
v ? - 0 *
r'(r'-vto)

Example 3: p as in Example 2.

r(t)it + O(At) = P[Exactly 1 round fired in (t, ¢ + at))

vhich means firing is a non-stationary Poisson process,

t
n(t) = £(t) p(t)e- J5 r(x)p(x)ax .
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B. p A FUNCTION OF TIME SINCE LAST FIRING

i p(x) = PlH i firing at IFT x], 4.e., hit probabilities are a functicn
Lo of IFT

JF q(x) = 1 - p(x)

et qlx) = Bgla)
R X
' Limited Ammunition Fixed at k Rounds .
. |
‘: w k
' “ 00(\1) - [ EJ# l“ d(u - w) ﬂx(w)dw] 2 [S(u)]k '
3 |

|} v(u,y) = [U(Y) +

5(u) « 0 ()] tuy- /% Nt)at |
1-58(u) |°

T 1. ¢ (u)
@l(u) = [$(u) - S(“)] l.soluu, ]
-

o —— ST G T v e T R S R P
P
.

- o k i
{ n(t) = 1,(t) + 8(t - =) fo £y (x) q(x)dx] o

Example: X ~ ned(r) ; unlimited ammunition

N q(x) =

ircied . T e B

O(u) =

r
- RGT T ¢ Bhl

S, ittams 5
i Dol el R
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LIMITED AMMUNITION
A. AMMUNITION SUPPLY A RV
M

Pl=i)=oy; PlIwwlua; o + £ o 3

g 4
o » -1
n(t) = o, p Z od e 0y . Z a, z od £{#1k )
J=0 i=) J=0

*
+ 8(t - ») z C!iqi
1=0

"n)e s ) a gt
120

’,

t
H(t) = jo B(t)at = w (¢)

c ) e = 4
B [ owtet - 84y 4 ) o g
. i=0
had 4 j
o) = 2L {1 - ) oy lebw)] ; ?
1= .
PO = 1 . Z a, ot ]
) :
|
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B. AMMUNITION SUPFLY FIXED

-l; a..ai .O;

@ = TR [ ]

P(H) = 1- qk

ak 1fk

= 1 - P(H)

n-1

P(N"RIH) = %

BN H) = gy [1—'5-95 . qu]
E |H) = 'i(:'lﬁ') [sz_q (1_qx)_%kqx_kzqk]

1 "ol x
P(N?_no|H) - m(q ..q)

P(N=n|H) = 0 ,

n¢¥k
k
"‘%‘) n=k
P(H)
PN =n) =0 , n=0,n>k
- n=-1
Pq ) l1<n<k
x=-1
- q ? n-k .
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e X ~ ned(r)

s
] k

3 - pr . qr

k. ' °l<u) pre-iu [1 ( r - iu J *

Example 2:
a, = (1-a.)(1-a)ai; a, ¥ 0; oO0<ac1l

' X ~ ned(r)
( o .(u) = pr { ~roq + (r - 1\")[&“(1 -a)+ Q]}
1 pr-iu rll-0q) - iu

(1-0a)2-a)

P(H) = 1 - T = 1 - FH)
n-l
P(N=n|K) = B (o + -0 0" , n>1

E(N | H)

P 1-0q

) op+ (l-aju,  (1-0)(1-a.)q
" FHIQ - oq)

(Lea)(1-a) , 2(1-0a)1-a)yq
ol l1+g .

oq(1 - a)(1 - a )1 + aq):l
1-oq)

che

e s sy

et s e e ca
b T, T T e B e e

S I
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P(NZnOIH) - .I-’(IF) [C!.-o- (1_a.)ano<l-aq ]qnoﬁl

_ (1 -a)(1 - a.)(ag)"

P(Nen |H) = , n>0
P(H) =
: P(N=pn) = CA , n=0
P
o n-1
i ALGL . [og+ (1= e + (1-a)1-0)(q)?, n>1 .
o L
:-(-i l Example 3:
e i
l,“ | % = 0
o ., ¥, Kk .
:E : ai - <m) ( 1 )a‘ 1-031,2,000,k, a>0 A
“;‘ { i
- 0 i 4 0= k+1, k+2,... 1
i
X ~ ned(r) .
Aab o) = BT _agr Y P“
1\ f re 1 <1+a)<1"'r-1u) .
oA
a
Example 4: P
-aaj_ k
. e ‘
aﬂ = o’ ai - T; 1-1,2’000, 0>0 f 1
X ~ nped(r)
P [l-exp [—a(“]] 1
r-iu _[
¢ (u) = '

ch3
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a, = 0; o = Q-axt; 1s1,2,...,; O<a<1

X ~ Erlang(2,r)

2
) - Ly . Al
1<“) - 1‘32 - a;?

VI. RELIABILITY

Weapons fail on firing. The preceding mection on limited ammuni-
Cok tion can also be interpreted as a reliability situation.

A. CONSTANT PROBABILITY OF FAILURE ON EACH ROUND

P = probability of a hit

q = probability of a miss

it P B

v = probability of a fallure (1.e., on each round fired there is a
probability of a failure). Firing ceeses at a failure.

i'?’ ptaq+v = 1 | "% 3
|

[ ]

] hy(t) = Z 11 (1) -
i .

, - ‘
o B ' oo
: ho(t) = Z va't £ (¢) m b
¢ = b
'..* o
iy ) = 0 (u)+ 9, (u), where %
- u * "
01(\1) RTICY |

Clk
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f
.],.\ l
(o]
% | * o (u) = u .
g | 0 1 - qoiu
b Example 1:
(
;’ ' X ~ ned(r)

ho (t) = wvre (p+v)rt

| T nt) = (p¢ vyre" (PN
i ; i B. ROUND NUMBER ON WHICH FAILURE OCCURS IS A DISCRETE RV
{ | ; let K = RV, round mumber cn which a failure occurs (it is
r ' n discovered one attempted firing later).
L PKk=k+ 1] = o = P[A failure to fire occurs on round k+ 1]
*. i}
), % =3
k=0
[ o :
- el 1%
b, (t) 2 Pt L (t)( z ozk) |
i=] k=) '
, @
B o n(6) = Z o R RACIE D P
' 1=0

A6 o, (u) T q“ = [1 - Z o & ék(u)]
k=0

00(\1) - Z 01 qi+l *1*’1'(“)

E
it I e it B (e e

cls

SRk a B




. e et e L g Y mr—
s - M— bk R e pra

e e g

G (z) = Y a, 21 (z transform of KX)
X L %

2

(- G, [aé(u)) E
o) = —Jl-hq%u [1 a3 Ty I A6
oo("") " leqé»(u)] . .
VII. LIMITED TIME-DURATION | ‘-T
A, T A RV
L r
of of £ (¢t) = o(w) ‘:_,1
L N .
By(t) = P(H) By(t) = = [f.., e vt °(u)du] F;L(t)
o) = BE) V) = gl [ Haswlls) ol .
. L j ®(u - w) o{w)av
2ns L v
| L2 [T a(w)e(u) - aja 1 o(-u) @
P(H) 557 J/-“ u 3 - 1Jdu & fL (u)u(u)du
P
~®=  _(n) , 1
Pp— o (-w)(e(w) - 1)a .
p(H) U (H) o J_.. L “w W 2
.- =i o) (w) ofw)aw {
21r1.ml v v !
O(n)(_“) = .i; &(u ""”u-o

cLu6
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& = ) e g

E' ho(u) = P(H) hﬁ(t) - L I.. e [0(\‘:)-l]du

Eg N r?,;it) fL e.iutu'{uzdu

E *gm) - R vgw) = g f : o = w)(e(w) - 3)av

%‘; - E%I \/; o(u - w%;?(w)dw

;.

IR CER LI i CS I P P )t

F | P(H) u (H) = 21r:n*1 [: e(n)(w)?(“)'—m

sl - 1 [L o) e(u)aw |

O(D)(_w) - B“Ggu -wz ,
&ln

u=0

B(t) = ny(t) P(n) + by (t) p(H) .

Example: Let X = Erlang(2,r)

.1 th
rT(t) ,l.e /
L

2 2
0+ gt
hpr T ,1'-1"l'+1

¥ o
o A o e o cedieowcdacem -

P(H) “l(H) - Bpra_(Zr + 1/T
[@r+ 1/7)F - 42 q)°

ck7
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b ) = —grlert e dl
i hpr 12 + byt + 1
by () = PG myle) = BB RO i pr g
q
B. T, A CONSTANT (7)
n (¢) = P(H) my(t) = 2 f e ou)au ; t<T

¢ (u) = P(H) vy(u) = 5-1—[ “"')['- = 1law

PH) = 57 f“ S(cu)l(e”” - 1)av

2ri u

@ .(n) iwt
P(H) b (H) = zﬁlml f“ 0" (-w)[: - 1law

® -4
ho(u) = P(E) hg(t) .2!'02%2 j:w e “T[°(::) - 1]du

. Bt-1) / e~ iut o(u)au
2n

f“ ei(u-w)‘l’ L%l) -m!
w

tw) = RENG) = z&

- -1 j ei(u-w)‘r ®(w)dw
2mi v

® .4 -4
P(H) = 1- P(H) = Z}uf e m[:(gl-_lhu .2._1._ [ e o(u)au

UL u

w

noor® iwr -dwr
P w, () = fp [ Lltwoe L o [ el
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A&GR n(t) = b,(t) B(H) + By(t) P(H) .

VIII. INTERRUPTED FIRING

Firing with Weapons Which Fail and Cen be Repaired (Replaced)

Marksman fires until he hits or weapon feils. Time-to-failure is

an independent rv. Time-to-repair or replace is an independent 1rv.

Process continues until marksman hits.

A. LIMITED AMMUNITION - FIXED AT k ROUNDS

IV time-to-failure T, ~ ned(rL)
'e- rv time-to-repair (replace), nu contact = Tp with cf Oc(u) ¢
¥, = time since last failure

’ Q(rL - iu) $(u + irL) k ¢f of Improper
bplu) = l: (rp=Tu) =¥ 1 - $lu v rJoglu) | PAfy time-to-e-

iu- - JSn(§)at
Y(u,y) = [u(y)+ Oo(u)] e( ! rL)y fg (¢

sy, - LY A(8)ae
rL(rL - 1)1 - eo(u)] (u + 1rL) e WL

(rL - fu)[l - q¢{u + irL)] - rL(l - ¢(u+ ir )] %(u)

V(“’YL)

where

(rp - tu)lqd(u+ ir;) - @ olw)l + 11 - é(u+ 1r))] Oz (u)

9 (u) (r T PRI u = rTl — TCre T )1 O-(u)

.‘T - =
ERAPCUANREIR VEIPE. S BRSO S S

p(rL - du) ¢(u + 1.rL)
(rL - fu)[l - qélu + ir T~ rLTl - é(u + ir J] Oam

(rp - u) d(u+ 4r )q k ¢ of
B B (r-iu)-rll-é(u+ir)]%(u)

Lo

O(u) =

o AR o e s

e e

S e S

Ry
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B. AMMUNITION LIMITATION A RV
P[I = ] =a Zainl
120
N q(rL- 1u) ¢(u + :h'L) i
o (u) = Z a
o) = [ GL - iu) - L[l - ¢lu + irL)]QE(u)

(r, - fu) é(u+ :lrL)

M S T RN | (R T R i I T ()
c

(ry - 1u) $(u + ir )q

(5 )
) l 1 o- Z ai[ (ry, - fu) - r.ll - ¢lu+ ir; )J0_(u) ] 5
c

=0

i

i=0

C. UNLIMITED AMMUNITION

p(r; - du) &u + 1:]‘)

®(u) = Trp ~ WL - qélu+ i )] - 1,11 = $(u+ ir )I6_(u) °
o

Example :

Unlimited ammunition; X ~ ned(»); T_ ~ ned(r )
[

Cc
pr(fu-r_)

ou) = — ¢
u + du(r + 2z, + pr) - prr
T L [+}
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- D. UNLIMITED AMMUNITION, EXCEPT FIRING CONTINUES FOR AN UNLIMITED
NUMBER OF HITS

|
|
‘ I.e., firing never ceases and the nuxber of hits is counted.

X ~ ned(r) (derived in a naval warfare context -- submarine

‘ versus anti-submarine vessels)

Time 1s zero at initiation of first contact (combat), and

e R L TR T T T e S T L N T YR T

¢
;‘ X, - rv time in contact ~ ned(r,)
E
. d(u) -cf of X * ¥ time not in contact
! < g
1 R = rv number of hits
L
ot TR - rv time to R hits

'I'R T - rv time to R hits, not in contact
’

A time to R hits, in contact

- ¢ef of DF of T _
R,C R,C

©

—

=

~r
]

2 OR,C(u) -ef of DF of Ty .
3
3 Op(u) =-ef of DF of T, = 0 _(u)+ o (u)
: R,C ’
K, .

‘ Tc = rv time since start, in contact

| T - rv time since start, not in contact

c

OC(u) -cf of DF of T,

O (u) =cf of DF of T_
c C

o




Gia SRR

i el e

e

FM - CRIFT

o{z) 1

R,C = T-Iu+ rg+ pr - x5 ¢ _(u) - prz)
(o)

rc[J. - ‘_é(u)]
ful - du + Yo * Pr - ¥ b_é,(u) - prz)

G _(z2)
R,C
Expanding in powers of g, the coefficient of o s 01,0(“)
and 6 _(u), respectively; also,
i,cC

Gp c(1) = ¢cf of PlBeing in contact at time t) = Oc(u)
’

G _(1) = cf of P[Not being in contact at time t] = @_(u)
R,C c

Yo
tay, - .~ M(tlat
v _(u;}'c) =y _(u)O)e ¢ 0 6
R,C R,C

where Yo is time since last contact
v _(w,0) = r, e .(u)
R,C C "R,C

GW_(Z) = To Gl(lf()t .

c

Example :

X_ ~ ned(r_)
c ~

4

r = iu

C
-u§ - dulr_+r,+pr-pre)+ r_pr(l-2)
C C

o
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PRI TR TRAE A

G (2)= — ‘¢

P R,T -u’ - tu(e_+ro+preprz)+r_pr(l-g)
c c

(pr)f (r_-1u)™3

o, o(u) = —— £
R, C 2
[=u" = dulr_+ ry+ pr) + pur_
C Cc

PES U ¥es T

1

T T LR

| ro(pr R (r_-)®

3 ¢ () = — - 1
- R,C [-u” - du(r_+ r + pr)+ prr)
. c c

o (u) = ¢ _(u)+ o, .(u)
» ' R R,C R,C

- = p ¢
; M&AL ElTg) = R =555~

c

n.b., since firing is unlimited, this contains time to R
hits when R+ 1 hits have been made, etc.

IX. TIME-QF-FLIGHT INCLUDED

X = yv (CRIFT)

T, = rv time-of-flight (TO¥)

- ‘4
X T, = Tv time-to-fire killing round :
8 i
| !
1 T, = rv time-to-hit target ]
® i

fp, = P of Tp ~ of = 4y(u) | !

par of T ~ cr-°x(u)

7?‘
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A.

h(t) pdf of T ct = ¢(u)

M
£(t) = pdf of X ~ cf = $(u)

NO DELAY BETWEEN ROUNDS FIRED

Marksman fires as rapidly as possible; then Tx s 3 xi, J(:l are 1iid
~x, i '1’2’000, tm & kulm& rmd 1' firedo T = T + T Y

M K F
- u
°K(u) —MTZ—” —r Y

pé(u) dp(u)
A

iuTt
o(u) = %5 vhen T, =T, a constant.

Example 1: let X ~ ned(r) ,

1 -t
£, (8) = %ot
F
“prt _ -t/t

h(t)'m(el-pr: ) t>o0, pr!‘%

- (pr)2 g PTE : t>o0, pr = %—

pr

W s TR -

Example 2: let X ~ ned(r); Tp = T, & constant.
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‘T‘" |
n(e) = pre®(t-T) £ 27
- 0 ’ t<*T
{uT
O(u) = B0 .
r Pr - iu
1
B. DELAY BETWEEN ROUNDS FIRED
Each round fired is allowed to land first and then the process
starts over again.
Ty = (X + Il,.l) + (X + T,z) + +oo + (Until target is hit)
u

°x(“) . qélu u
pé(u) é.(u)
{ O(u) = H
b 1= qélu) ¢plu)
1
] ir TF =T, a constant, then
4 iuT
o) = —Rblule”
; 1-qé(u) e
‘ *
Exsuple : Lot X ~ ned(r); £ (t) = 1t/
3 F
3 AS () (r = 3u)(1 - 4iTu) - qr
h:
E,;)
‘ C55
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“(1+rt )2-.,—

h(t) = 2prT e —— ain [\[&prt-(1+n)2 zi.,:l
bprt - (1 + r1)

vhere Lprt > (1+ )

¢ t
(T )

» -
- rie sinh \I/ 1+ r)f . Lprt Et;
1+ r‘f)z-hpr'r

vhere (1+ 1)l > bprt .

C. LIMITED AMMUNITION - RANDOM INDEPENDENT AMMUNITION RESUPPLY
s ~ DM INDEPENDENT AMMUNITION RESUPPLY
DELAY PROCEDURE (IFT AND _TOF _ ALTERNATE)

k, = initial ammunition supply (fixed)

k = replenishment supply (fixed and same each time)

Replenishments arrive randomly and independently of the firing
process. Inter-arrival times, T,» are ned(rw). The

subscript F refers to T, (TOF). Let Tp = rv time during which

ammunition is exhausted with cf $E(u) for f, (t)
E

k
Cl(u) °

r, (1 -_;l(u)k] - {u

éE(u) “

wvhere °1(“) is obtained from:

cy(@) = defrylt - () - 1) ${rglr - c ) - tu |
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de(udl 1+ tu dp(u))  duyp- !Z’A,(t)at
V(\lﬂr) - I-E(ufﬂlﬂ e

viu,y)= { uly) *[

‘F(u) é(u) + 1u$g(u) vy - ]gk(t)dt
T1 - dpu) $w) °

o e s e TSy T TR

ko
(n)
1+ iugq 0 r C: :
; I_rw[l ~q Gu)] - tu
; ox(“) =P l-TﬁF—Tﬂ:‘h) $(u)
[ O(u) = °x(u) &F(u) vhere Cz(u) comes from:
- Cy(u) = $,. {rw[l - qk C:(u)] - 1u} ‘{rw[l - C:(u)] - iu}

l. Special Case l:

No replenishment and ammunition is limited to k rounds

|
(n.b., can run out).

olu) = O 1CT {1 - [qdp(u) $(u)]k}* ¢ - g (u) + 'S

o) = 0 (u) du) + @ .

2. BSpecial Case 2:

.

No replenishment. Ammunition limitation is a rv, i.e. 1

[ 4 i

P[I=4i] = ai; pX o, qi « Can run out. !
i=0 3

%
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ogln) = RPN {1 - ) oylabgw) $(u)]z} v ) e dt
i=0 1=0
= Oglu) + Z o q'
1=0
o(u) = °n(u)$(u) + Z Q, ¢ .
i=p
5+ Special Case 3: Flight time is zero.
ko 3
Loy k, Cy (u)
uq
rgll = @° C5(u)] - tu ;
®(u) = pd(u) T S ;rh:;e C5(u) comes i%
v i1
Cj(u) = ¢ rw[l - qk C;(u)] - ) . !
1

Example: Let X ~ ned(r) and let (qcb(u))k" 0, then

) X
Ci(u) = T+, - iu
J&m o - ——Pr iu
(u) Pr - 1u l+rw-iu

X. BURST FIRING

Let

cs8

qr !
r+ Ty - iu ;

b o

'
i
'

%]
|
1
|
i
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T e« yrv time between bursts

7, = rv time between rounds in & burst (burst intervals)

¢ = number of rounds in & burst (fixed)
£(t) =paf of T; cf of £(t) = é(u)
£,(t) = par of T.; ef of f£.(t) -&G(u)

2 Ze)
Y(u,y) = [um , S W) 4 ]:W-f% M4)at

1 - ¢® dw) &)

$udi1 - (qb,(w))* ) sy~ 1.8
?(u,y,) = hakls :G“ = wgJo” Aglbhas Bh(3)2
1 - qblu)l - % é(u) ‘G (u)}
(u)(1 - g% ¢%(u)]
o) = bl S msiz)
2 - q$G(u)][1 - q° &u) $G (u)]
If 'I‘G = a, & constant, then
ou) = ph(u)(1 - q° exp(1auz)) AS

(1 - q exp(dau))[1 - q% é(u) exp(ia(z - 1))

MULTIPLE WEAPONS

FIRED IN VOLLEYS OF v _ROUNDS EACH

p = P[Volley hits]; X = rv IFT, between volleys

d = Plround in volley kills | volley hits], same for all rounds involley

o) = —il=Q - a)) pblu)
1-[q+ (@ -a) plé(u)

€59
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Example: let X ~ wued(r),

o(u) = —pril=( - )]
pril - (1 - a)¥) - 1

A T R T T

B. FIRED IN VOLLEYS OF v ROUNDS EACH WITH LIMITED AMMUNITION

3 PII=1] =aq,; 1=1,2,..., .
w o0 i
S - (1.a) Q- 2"%;
;o b lu) = Z [: : @ - ;)_3‘)“ ]l: ll-dq u ul :l
';;‘_' | i=1
‘ : =
:
;; o R = ) v ) g ) (S)patMa-an . ﬂ
= 1=0 1=] ve0 i
: ' Exemple: Let o, = (1 - o)t enda x ned(r), 4
i 3
i o (u) = oor(l - (1-4)"] ;
o 1 v ;
r{l-al1-p1-Q1-a))
Kw & Bl PlH] = 1-o v%
1-0af1-p(1-4a)] !
3
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C. MULTIPLE WEAPONS - USED SIMULTANEQUSLY
E k weapons fired simultaneously, each weapon
‘5 X, ~ ned(r,)  and PH] = p,, 1=1,2,..0,k
o -pirit
Pt < Ty, < t+dt,i-th weapon killed) = AR dt
;| “Tyy PyTyt
E h(t) = P, T, e Bhl
[,
Lo il
t ‘ D. MILTIPLE WEAPONG - USED ALTERNATELY
P Marksman fires 2 weapons alternately
SR
L Weapon 1: k rounds fired each time with IFT fy (xl)
Weapon 2: k, rounds fired each time with IFT fxz (x,)
Weapons have PysB; kill pribabilities, respectively
Start with weapons unloaded “;:
¥, = time since weapon 1 fired lest (no hits) %
¥, = time since weapon 2 fired last (no hits) Eh?
¥ ky k “i
\ fag. ) = (yl)[l - qlél(u)lil- [q1¢1(u)] [%&2 (u)] “31 + qlél(u) *
& L e Y Nk |
: - 1 -
[c}ﬁl-(u)] [q,, (u)] lqgé) (u)] *+ [%ﬁl(u)] [q,6, (1)) 1
o kp 3
[l-q1$1(u)]{1 - [ql$l(u)] [q2$2(u)] ] :
" %
|
)

- i
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|

,f {qlél(u)]kl

" Y(u)ya) = ‘[l ’:"&aaz (u7]

]

j 1‘2 Y2
, 1- [g,d,(u)] tuy, = Jo a(t)at
i : * ¢
b 1 - Ly )] [gyh, )] 2

\ | ' Pl$l(u){l - [QJ_J’l(u)]kl} [1-qz$2(u)] + p2$2(u)

| 5 3
« laydy ()] M1 (g8 (w)] “3a- qué, ()]
O(u) = X i .
[1-qy¢, ()12 = gub, (WL - [9ydy ()] * [g,d, ()] €3
[ K
Example: Let kl = kz =1; 1”5 ’Tp respectively. 13
. r.r,(1 - q,9,) - ip.r.u
; B2 o(u) = gL 1% 171
; -u - iu(rl + 1)+ rlrz(l - qlqz)
i E. MULTIPLE WEAPONS USED CONSECUTIVELY - EACH USED UNTIL FAILURE )
f 1. Marksmen has k Rounds Initially (Ammunition Limitation) and m 3
s Weapone :
‘l : e M
. ; Let X - ned(r) and TL - rv time to faillure; same for each §
- : i
\. ‘ g
- weapon when in use ~ ned(rL). j
o ]

r+r -1u r+ r, =du_|

@O(U) - (I‘—?E )k I _r-du ](k,m) + (p‘r+ r -iu) [P!‘*r 1u (m, k)

R PN

B
o -

cé2

k

-
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T
o) (u) = ‘p?"f-'rﬁ

<r-1u) 1 redu :](k,m) (pr-r:z-iu/\n

H-rL- iu

IrP!‘*rL'iu (m, k) .
Lr+ rL-iu]

2. Unlimited Ammunition, Random Initiasl Supply of Weapons

X ~ ned(r); T~ ned(rL)

L
PIM=m] = a ; Z a =1
i m=0
‘ > b g m
5 - L
j Oo(u) 2 ozm< pr+rL-1u)
g‘ m=0
‘:: . r
" ol(u) pr-iu[ Z <pr+r -iu) '
N
\v
: Example :

a = (1 - a)®
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pr + rL- iu

- \
00(\1) <1 - Of/»[ Pr + (1 - a)rL - iu ]

_pr&x
pr + rL(l « Q) = iu

°1(u)

2e Unlimited Ammunition, Fixed Initial Supply of Weapons

X ~ ned(r);

0 (u)

MARKOV-DEPENDENT FIRE

See FM-FIFT for notation. (See p. ¢7 )

POSITIVELY CORRELATED FIRE

Three State Firer

Py [H 3] = mos PlH HJ) = p3 py>my
Py
P[Hi] =P = 7o RN i o = Corr [Hi’Hi+l]

Pk [H] = p,

céL

TL ~ ned(rL); B number of weapons

Py -

P

v. g
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Example: Let X ~ ned(l), then

¢(u) =

c. C 1u-C5
_63_ (iu - €, ){du - C,)

™ - CRIFT
H HK K
2 B/ 1-p pl-p) : PPy
] 5 = KK 1-p R -py) | PoPx -(E- t
________ |— — - 0 1l
X 0 0 | 1
Let
PT'(I'PtP:ED;'(QTEO)
Bn) = g 8n - g5t
| | E[N] = gf(1-p)? [
oy : - -
S vinl = gt - Pt - D - Bt - Bl
| ElT,] = ‘E
| [r,] E[N] - E[T)
vit,] = EIN) - viT] + VIN] E° (1)
o) P, P, $(u)1 - (p, - p, J(u)
YT Topgip | TN v 5o b0 (3 (u))]"'Pl(l-pkN(u))
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2 .
[1 + 1 - Rl -p) '\[1+ P B - py) - bayny ]

c3 = 1-po+pl .

IFT'S ned

pdf IFT when in state E, =

- 0 » elsevhere

Dir,) =

O o o ¢ O O
o
N"l
..
.
« o o0

L[] L] . . L] . L . ’Ir

t
A = Dr)E-1 5 m(t)=g zﬁ B

At

~

nt) = &' ¢ An

bT = (}\l’...’)\i’...’xm) vhere 7\1<O, i '1,2,...,m, AO = 03
we note that the \,'s are the characteristic values of A and if

A has m+1l linearly independent characteristic vectors, then let

c66
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X Le the matrix of characteristic vectors of Q

:'gg be the zeroeth row of 5

%! be the m-th column of X

At
H(t) = 1+ x pled )y

At
Be) = xg DA et )xt.

C. MULTIPLE WEAPONS: TWO WEAPONS FIRED IN RANDOM
MARKOV-DEPENDENT ORDER

IFT - x1
Waapon 1:

Hit Probability = i 9 =1l-p

‘ T - )%
Weapon 2: l
Hit Probability = B,

Firing order determined by transition matrix

Weapons 1 2
1 P P
= < 1 12 ) y Tiring starts with Weapon 1
2 P23 P2
let

Ba3

C=1-qp, éu)-gn, &) - % (P Bpp = PrpBpy 1y () &, (u)

Op(u) = L $1(u) 4% (pl],pzz - p12p21)$1(“) *2(\1)
o]

ce7
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1 fyl (e)at
W -
v(u,yl) - [U(yl) + Oo(u)]e 170N

y2
V(u,yz) = M eiwz'fo 7\3(1)65

¢, (u)
®(a) = lcul [pl+ (p)%Pp7 = PPy M (W)

Exemple: let X, ~ ned(rl) and X, ~ ned(rz).

C 102 - iplrlu

o(u) = (lej.uf(cz - {u)

where

Bhé C) G = mrplloqipy = 9pp+ 4491, (D) P = PRy )]

XIII. MISCELLANEQUS RESULTS

THECREM: Let P[H] =p, P[] =1-p, PK|H] =p,  and p,p,
constants; however, conditional hit probabilities vary depending
on prior history. Define the positive correlation as:

P(H g | bits on specified previous rounds and miss on all others)

> P[Hi | miss on at least cme of the specified previous rounds
and miss on all others] .

Then, firer always does worse with positive correlation than with
independent firing.
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n.b. (a) any hit may be a kill, i.e., overkilling is allowed

(b) this is not the same as the usual definition of correlation

} (for which this theorem does not apply). It is stronger
than ordinary correlation.

2 This theorem does not apply, in general, to FM or FD but may de

specialized to apply by making the first kill an absorbing state. Fil

L el e 2

R,
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FUNDAMENTAL DUEL - FIXED INTERFIRING TIMES
(FD - FIFT)
CT0




e 0 S e R v TSR T T
e e e A AR - - Hallaail .
A AR e B e e A ST S L festor A

FD - FIFT

I. FD.FIFT

(Y
XA -8 XB = bl; %A -% vhere e,b ar: relatively prime integers

= TR T IR T

=

and a.l/bl is rational

m = [%J; [xdl-[(d+1)%]

R-a-b[%J; 0O<KR<bH, a=m+q
n

»4) = 1. b % 9

" % gm0

BT BJ* 1) %]
1 - oOF L %%
T Q% g0

RN SR

b=1 a-1
P,be 1, "Q
P(AB) = -A__.B A B —

b a A&W1
1-q,9p

] a’
i P, a4 [n b
PNy =2 A) = 55— g
b-1 | (x,]
b a Z (3+ 1)quan) g
Ia%p d=c ie
E(N, |A) = + -
g 1 - g9 T (@Y g
q q
P LI
21 Pa 9y v yad(1 + ¢lgt)
E( A IA) = b a b a4
P(A)(2 - q,q7) (1 - qq5)

.
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A&Gl

A&Ge

FD - FIFT

2b oot

b=
+ % (3 + 1)(qag)” gy
"R g=0

- ‘

: X
) 3+ 1P () g 9
J=0

)

b &)[no/b]

‘pA(qu'B {3
b ,,
P(A(QL - QAQ;) b

)
2 x] X [x,] |
. [q:qg Z (0,82 g5 3 + *z (q,qp) g 3 ]
30 R =

> =
P(N, 2 n, | &)

vhere A =n, - [ng /vlo, 1i.e., the remainder when n, is divided by
b, 0 < A < b

P(h) P(T) = na; |A) = p-1 qém/b] )

pA qA n=1,2,..-

PyP
- \ - -AB (D ayn -
P(AB) P(T)) = nbe, | AB} 40, (g5a5)" » n=1,2,...

g(t) = PlA] PIT) = na, | 4] 8(t - ns,) + P[B] PIT, = nb, | B] 8(t - nb,)

+ P[AB] P[T) = nba, | AB] 8(t - nba, ]

Example 1: let ‘1'°b1 withb a=¢c, b=1 and ¢ a positive

integer:

CTe

T R Y o ey
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!
¢ c-1 i
P, 4 Y Q.
P(A) = A'B - and P(AB) = _ip.g__?c_ . :
._3:1 l- qu'B l-qu'B 3

- s .

Example 2: Let bl = cay with a=1,b=c and c¢ a positive
L i integer;

ST

q:"l PB pApB qc-l l
3 P(A) = 1 - —=——=  and  P(AB) = ——— . A& WL :
1- 9,9, 1-4q,9; ’
} i Example 3: i

g | On the following page are three graphs, as follows:

; () From Example 1 with ¢ = 2. This is the same as r, = % Tge The %

] a1 .
| right end points of each contour are at g =1 - NP(A) . 1
TF . (b) From Example 1 with ¢ =a =b = 1. This is the same as "

1 Ty = Ty The right end points of each contour are at

. pB =1 - P(A). i
e (c) From Example 2 with ¢ = 2. This is the same as ry ¥ 2rp.
The end points of all contours are at p, = P(A). 1
!
! 1
| ]
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II. VARIATIONS OF INITIAL CONDITIONS - INITIAL SURPRISE

l A has time ts in vhich to fire before B starts

)\-cycletime-alb-o.bl

Y * number of rounds fired by A before B's first round

t
= [ a._8+ 1] vhere [x] = largest integer < x
1
[ In A time units A will fire b rounds and B will fire & rounds
| - oY =1 - oY
S et e 2dqs g ml-q
In a cycle there may be either 0 or 1 simultaneous firings.

let M=a4 b, and define

?'Y*l sz cese '?'y*i coe "I-'er » 1f no simidtaneous firings
h .; s ?y‘}l ssssessescssoes Eﬁ"’M"l » if one simultaneous firing n
i;;‘ : - '
11 £ 1
g{‘ ' ' {.55
?'frﬁ ‘ 1:1
I bR %oy !
1 % . o 1 o o 5‘
SR o 0o 1 o ;
:. \'o o o 1 f'}
' 12
| vhere ?’.’ﬂ' " ?A or = EB or = ?A.B » depending on the order of firing f
in the first cycle, i =1,2,...,M (or M-1). 4
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QP Pp
0 1
)
o 0

Li-!

O O O ¥
o opr O
o+ o ZF

O =+ O O
» O O ©O
&0-1
= O O O

TR T T N T RS T TR T

P PAly Pl PRy
. 0 1 0 1
0 0 1 0
0 0 0 1

The firing order in the first cycle is determined by:

n

tyy = time A fires i-thround = (1 - 1)a
Vi '

PR = =

\' f tBJ time B fires j-th round t‘ + (.1-2!.)‘0:L

i3

(nsb., A fires b rounds in ome cycle; B fires a rounds in one
cycle; and B fires his first round at time = ta).

After J Cycles

Ciad
e s o o et

e st i

a3 P"[no hits] = ey ti

T -)

c.t
P[s] = I—i’—-t}—l (l-ti)

Y Pa) = e, + cltil

et
Piap] = L (l-ti) .
1

l1-t

i 3 R S . 51O et Lo T W S s
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¥

@ t
‘ - Y A__ 2
l P(a) 1-q + 1%,
b ¥
, Q@ t
X p() = &2
3 - 'Cl
4 y
2 q, t
4 P(AB) = A2 | 6r1
A l - tl
. &
' Example: let & =b with t, <a,
t P Py
! P(A) = ——t and P(B) = s———
% > 8 l- quB 1 quB
: Pl(k~-1)a + t, < T, < ke+t,,A is alive)
k-1
Lo k \ J
‘ = (g9 + 5 ) (g,95)

J=0

Pl(k-1)a <« T, < ka,B 1is alive) Sel
x5
4
¥

k-2
k-1 " 3
- qA[(quB) " v ), quB:I ‘
3=0

III. MULTIPLE HITS TO A XILL

Alternate firing, i.e., &, = bls ts < &y where:

Ri = fixed number of hits required for i to kill j (either may

start first), 4,3 = A,B

P[1]J) = P[4 winsgiven J starts first], 1,j =A,R

cT7
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Let C = min (Ri ,R,=1) where i is the contestant to start fiyst

J
(A or B)
Rpi-1 R R,+3-1
-‘ A A R, R,-1 “R,~J
13 Ba By A
P[B|A] = i Z' ( . )( ; )pA PB q‘A qB(l'QAQB)

i=0 3§=0

PlA|A)} = 1 - P[B]A)

To obtain the other probabilities, interchange A and B.

Examples :

PA = ,3, pB = .5 pA = pB = ,5 pA = ,5 pB = .7
Ry | Ry P(B'A] Pp[B|E) | PiB|A] P[8|B] | P[B|A] P[(B|B)

1 1| .5385 7692 «33533 6667 4118 8235

5 3 | 4257 .5010 <1139 1728 2576 +3579

5 5 | 8201 8630 U512 5488 JTh1Y .8381

7 5 | .5955 6541 «167h 2266 4159 5278

7 7T | .8695 .8981 14599 5401 .7981 8669

10 | 10 | 9160 «9330 R Tyl .5329 8545 .9002

YA

Iv. LIMITED AMMUNITION

A draw occurs if both run out of ammunition, or if A and B kill
similtaneocusly.

cT8
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AMMUNITION SUFPLY A RV
Let x -8 and xB b
=
P(I-i)-ai, P(l=w)=qa,, 112,000, and o + I Q =1
i=0
(-]

P(I=3)=p,, PU=w)=p,, §=12,..., and B + = p =1
3 joo T3

P(A) = }i [pﬁz 1 a, i
n=l imm
[ eo
. nzb qB <l5 + ,j) [na/b]

3 =0 a-[naib]+1

P(ap) = Z, i%lb qB+pAsz o va-l

(o 3 )(o L ;)

-V‘
n=-1 o
PN, =n|a) = Ak _ (o ¥ 4
A S ( i)
i=n

[na/o] ®
PN RN N R
J=[na/bl+1

J=0
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Occasionally, in what follows, there are sums which may have upper
limits vhich are less than the lower 1limits, under certain conditions. In all

such cases the sum is to be considered zero.

(N, =n[B) B(B) = a (1- Z quJ)+ (l-c )pBY <b+ ad) b=

k=]

o (a/p] ) !
= aO(l-JZongj )” (1- 0 )py 2 q;;-l( Pu* azf: Ps ) 1022

where n = Q.

(N, =n | B) B()

- 9 : % ™) py <°~ Z Blna/ole3)* < Z, )q[m/b]

k"l
[ (ml).ﬁ. {na/v] d
k-1/ )
k=] J=k
vhere n ¥ 0,b,2b,..., and n+1 § 0,0,2b,.c. ,
P[N, =n | B) B(B)

a ql[anl/b] (b + Z b[na/bh*)*(" +Z 1) fnafol

k'l

>

=q

c80
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,ﬁ
FD - FIFT ;
:3
[a/il-l L] ) .
k-1 :_
* Py % <5~ * Z Pina/ol+ g 1
k=1 i=k f ;
a
where n ¥ 0,b,2by.ee, and n+ 1 = b,2by000
i
P(N, = n|3B) »(8)
. N (na/v)-1 Z Z {
. B {4 %% Pg (‘5‘» * P(na/o }3-1 )
K k=1 I=k
e (na/b)-1
2 ¥ <°’°° * z % ) g Py
! : i=nt+1
-, k-1
: . U < B *+ Z b(na./b)-l-fj )
k=1 3=k
vhere n = b,2b,.,. . |
P(N, = n|B) P(B)
r na-1 k-1 '
"9 V%% R 2 9p (ﬂ.. * Z ”na+.1-1)
k=1 J=k
o na-1 N k-1
+<a“°+ Z &i)qB PBY“B .
1'n+1 k:l
c81




FD - FIFT
-(a. me“) » n>1 and b =)
=k
n o0
| q
P(NA-nIAB) = f‘mﬂ- Z 53 qg » vhere n;“b,Zb,... .
J=0
P(NA-nIAF)
- 1 n -1 ( - N
P(AE) ) % % Z By 95 + ZyPy QKlqlé"‘/b) 1(“»*2 ai)
J=0 i=n
< 85 )
J=(na/v)

vhere n=5%2u,3,... .

P(Ny =n) = #(N, =nla) P(a) + P(N, = n|B) P(B) + P(N, = n|aB) P(AB) .
B. FIXED AMMUNITION SUFPLY
Let ak“l’ a--ai'oy 1k ,

b!.l’ b“-b‘j-o’ J*l .

P(A) = q;(l-q:) ,

A LS AR S Lt L A A SN L o, At i airai- s 2 R ST e e Al £ FA U A TR o SR s S L A (T ST ST R Mt T it i iR L AR L
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- & 1 [nafol, £, ™ Xk
S - n- ne -
. n=1
K -1 [(na
u 3 e S
B n=1
? X
':" = ] - qQ, , n > k!
§ vhere n, = [ f/a)
‘ minio,ﬂ)
E' = k 2 Jb-l Ja-l
P(AB) x5 * PPy QG 93 ) k>2b erd £L2a
3=
k ¢
r = Q) 9y ’ k<b or /<a
| ’ where o = [k/v] anda n = [t/a] .
él
f AP(A) = P(NA > i+1,4) - P(NA > J§+1,A), using o =1,
T where AP(A) 1s the increase in A's kill probability if A's
Mg initiel supply is increased from i1 to J.
0 P(A) P(N, =n|A) =p, gy " q
9 _ n-1 _[na/v]
- | 1< n, < k
n-1 1 S
= PA qA qB ’ n nl
= p, a1 glre/o] k <ny <kt
~p, at , n, >kt
c83
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L, ktl L3 -
E(N, [A) = i nP(N, =nla) = qplkqy ~ - (k+1)g, + 1}, n =0
n=l
n
- ™ x
= Py 2_, “qxlqzlam/b]*qn(% - q) ’ lsm Sk
n=1
X
= 1, Z nqy qlg"‘/b] , k<n, <kt
n=l
k+1 k
= kg, - (k+1)g + 1 . n 2 k!
X
n.-1
2 "o X
P(N, > n,la) = Z PN, =nla) = qglq,” -4q)) , n =0
n'-no

nel \  n-1 [nafl ., £ "1 ky n <n
Z CTC + ag(g,*-q,), T0="1

Pp U A
n-no
1<n1<_ 1
n.~l
- 400 X
agla,” - aqp) » B2y
. /ol
- n-1 [na/b k <n, <k!
n-no
no-l
=q, - q . n, > k!

AP(A) = p(NA > 1+1,A)-P(NA > J+1,A), wusing o, = 1,
where AP(A) is the increase in A's kill probability if A's initial

supply is increased from i to J.
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S Example: let m = [a/b); [x,] = [(3+2)§ ] vhere @ =& - tm;
. r &180 let aix (l-a)ai, 1=0,1,2,000,; O,=03; pd .(1-5)'_5.1 ,
: « 3 =0,1,2,..., and B, =0
Ex m b=-1
I op, | 1.4 apB(an ad,  JdxD]
P(1) = AP, ) (o (eap) Ceag) 0" |
. 1-Pay | 109 3. (ag,)° (pay)® g \AE ) (es ‘
!
A pyrplaa,)® (Bay)®
% o) = (e ) (15 ) (2 - (aq,)° (Bap)*]
op, g [na/b)
: P(N, =nla) = —2—2 %(1-a)+s (Bq,)'P®
E A P(A)(1 - Bqy) B g
op Bp. (Ba, )" t
E(N, |a) = A 1-8__ :auate: I |
blog, )® (Bgy)®* &  mplx,)
[ A2 (g, (Bay) 3 ;
Y i+ (x,] i
+ ‘i (3 + 1)(an)" (Bey) J ]} . A&Gl g
J=0 )
V. TIME-LIMITATION .?
|
A draw occurs if time runs out or both kill simultaneously. 1
q
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T

TIME LIMIT A RV

Let T, = time limit rv where £, (t) 4s the pafr or T, and let
L
X

A=% % =h.

ru\)n-pA Z n-1 fm/b] “/na fTL(t)dt
n=}l 1

PyPy b e\
P(ABl) - EE; (quB) J[ fTL(t)dt where ABl a Event of

n=l nbal

similtanecus kills

b}

P(aR,) = 2-‘ (Qqunb/a] /;b fTL(t)dt + ng}E.(MI)b/a]
n=0

1
minl

(ml)bl
fo (t)dt) b, <a

n [na/b] it n_{{n+1)a/b] ]

n=0 "‘1
(n+1 )a.l

. j fp (8)at , e, <

minz L 1

where AJB2 = Event time runs out before a kill, and where
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min, = min {(n+ l)bl, [nb/c]al+ al} ,

;ﬁ‘ ; and

min, = min {(n+ 1)91’ [m/'b]b1 + bl} .

e —— A —— s

g P(aB) = P(AB,) + P(AR,) .

;|

. | P(A) P(T, =na. |A) n-llnafo] [° £ (t)a

3 p=na& IR} =Dy Q) Ty p_ \trdt

| nal L

o

.

: PpPp b a\n ® ‘
i p(.ual) P(TD' = nba, lABl) - an (quB) fn ba, fTL(t)dt
- 1
| [6/a] [b/)]

o P(AR, ) (t) = q Q t, (t) ;
. e PR |
o ‘
cl where

8ABZ (t) = pdf of time to end of duel, given time runs out before %
| 8 kill,

|

L The two cases are kept distinct because the first is a pmf and the q
o second is & pdf. A&G2 }
i 7'*
o 1
‘\' : B. FIXED TIME LIMIT '
Let T, =T (a constant).
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[T/a,)
PA f Gt q,[;“/b )

n=]

P(A) =

Simultaneous Kills

b-1 a-1 |
PpPp 9, 9p 1e (P [v/a,b]
1-q,9,

P(AB, )=

Time Runs Out Before a Kill

(t/a,] [7/v.]
P(AB,) = q, & a4y &

P(aB) = P(AB)) + P(AB,)

P(A) B() =na [A) = p, giSqlme/t]

P(aB,) BT, =nba, |AB,) = _:%’% (EL )P

ces

AT R PV Y. I T W e rrfies

-

T 2> ab, =ba

T<.b1-b..1

0 € T « =

ne= 1,2,...,[1’/.1]

ns= 1,2,-..,[1’/‘,})1]

= [T/va;]

e Pt 35 K s I A A S e e ]

T

é
]

o
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(t/a,] [t/v,]
P(A.Bz)gABz(t) = q, /al a9y 1% 8(t - 1)

g(t) = P(A) P(TD-na.llA) 8(t - na.l) + P(B) P(TD-nb1|B) &(t - nb, )

+ P(ABl) P(TD-nba.llABl) 8(t - nbal)
+ P(4R,) B, (t) .

Example 1: Let al-cbl,. or a=c¢c and b =], vwhere ¢ 1is a

positive integer and f, = (1/7 )e't/ T,
L

P(A) P(TD-nalIA) - % (qug exp (-atl/‘f))n ’

c
Py Q
P(A) = A 7B ,

(o]
exp (8,/7) = quap

PpPp ¢ n
P(ABl) P('I‘Dl=nal|ABl) E (quB exp (-&l/’f)) ’

c=1
PpPp

)

P(AB,) =
. exp (8,/7) - q,q;

(t/s,] [to/a]
PAB, ) gy (£) = S - et/

T 2

ss,) - (2 - exp (-5)/1)) {1 - (a5 exp (-1 /1)) .

{l - qB exp (""b]_/“r )} {1 - qA(QB exp (“bl/T))c}

c89
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’ Example 2: Let al-cbl, or a=¢ sad b=]1, where ¢ is a
; ‘ positive integer, and f, (t) = (1/7 )e't/ " (see Example 1). Also,
A L
! let FA); be the cutcome of the corresponding unlimited FD, thue,
r ¢
P, d -a.o®
. pa), = —22— an PA) 1%
1 -
: 1- 9,9 Plhly exp (al/-r) - qu;
i
l

\ !_ This may be rewritten in previously used terms by observing that
‘ "l - 1/rA and ¢ = °l/b1 - rB/rA, vhere rA and rB are rates of
fire. Thus,
fu
r,/r
. JATB
) - 9%
o OlA ro/r, °
A v exp [ 1/7 r,] - quBB A
1.0
:. ! )
3’ 0.8 — :
e %,/,/‘ S \ |
:; . _— ) v ]
P(MO . A// ,._-—-L--;:’r )
b y -
: P(A), ///// ] qds 8/ zo09 k :
] 0.2 —/A |

0O 1LO 20 30 40 850 60 70 8C 990 100 '

.Trl
)

L ttd aidewti, uk




let a,6 = cb

Example 2:

a=c,b=l, and T =7 (a constant).

Py

P(A) B(T,= na, |a) N

(qua3)"
(t/a,]

e} 1-(gqf) "1
P(A) = p, q

c

P(AB, ) P(T} »

A B
=nba, IAB ) = (quB

c-1
PP q

[‘t/al] }

c
gl - (q,a5)
1- quB

[t [te/e,]
P5,) gy () = q, ol Bl o)

[‘r/a 1 [tc/e,)
P(aB,) = q, Qg 1

Exemple k: Let a, = cby,

positive integer tnd T, = T (a constant).

or a=¢c and b=],

1 3 (c 38 a positive integer),

ns= 1,2,...,[1/51]

FD - FIFT

from which

A&Ge

A& Gz

A&G2

where ¢ is a

See Example 3. Also let

P(A)U e the o:ccome of the corresponding unlimited FD; thus,

o
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Py ﬁ;

P(A),, =
Uoaeqq

and
P(A

= - c
PLA v 1 (quB

)[T/a.li rB/rA [tr,]

* 1= (e,

here, as before, a, = :L/z'A and ¢ = rB/rA .

’.9 Ol [
- P - T
ois - — .

e~ wcl
08

K -
P - r/¢
p(A)uOA + ‘\Q‘Qa ‘/ As
—-j

0 LO 20 30 40 80 60 70 80 90 W0

I
]
]

0.2

L

T fA
A2

VI. INTERRUPTED FIRING - DISPLACEMENIS

Ao X, =Xy =C (SME CONSTANT)

Simultaneous firing

) T hit probability for 14

} for 1 = A,B
Q - miss probadbility for 4

e N B | el R
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8, = "near miss" probability for 1 ; Py*+q +8, =1, 1m=a3B,
A "near miss" causes opponent to displace and miss one firing turn. A

contestant is vulnerable during displacement.

P (1 - sB)(l - 8,8, = ;)

P(A) )
(1 - sAsB)[PA(l - BB) + pB(l -85,)- PyPy
o) PyPp(L = 8,01 - 8))
l - L]
T - sAsB)[pA(l-sB) + (1 -8, ) - Py Py
Examgle: Let
PA-I&_; PB‘lpB 3 S'I-BABB;
- SA - BB l - SB
then
£y (2-Py)
P(4) 5P, + Py - PPs) O<F» Pp<l and 21,

(See next page for curves.) N.b., for Fig. (d), Z.e., S = ®, ¢the

curves are only limits as | —» =

points on @

g =1

B. X, =Xy =c (A CONSTANT), t, <ec

This is the case of alternate firing with A firing first. Let

p = hit probability, { = A,B

» the solutions ars actually the




- R S WR RRETTE RSP SR TN S T TR e

TP s aisine L LES S aantd ad -
5
3
w
W 9 2
) T A
m - @ J./A. (R @
£ - <
<3 “ "~ W T
| <] "\ " N
] a T / /
o S ~
P — e o

< Q @ w € « o° o ® e e & o 5
3 - hd . - {

oS %

The Duel with Displacements
Co4

.6
e bt

- / T~ /
" " .
m < / //r/ s // / o
h.u N N / . L // .
B - [ —
o — o
; o @ © < o~ o o o @ v, ~ o
- o W &
& -




I et 4 T R L S e S T T N ST : o
i T

=

L FD~ FIFT

q = miss probabllity,

8, * "near miss" probability, Pyt Qg+ s =1, vherea "near miss"
causes opponent to displace and miss one firing time. A contest-

ent is vulnerable during displacement, 1 = A,B.

Ir, Ni = pnumber of rounds fired by 1 = A,B to a kill, then

Pyley8p + 9, = 9,05 2]

Gy (z) = 2
| A l- (QB Y + rArB)z + quB z
\ :
Pl and
| () = £ (6 ()
L n - —— (G 2 y n= 2’5 see
: { pNA dz“'2 Ny 2=0 ’
; o (1) = 3 3
; NA A
! E
B r .
i o Gx (z) = . 2 :!
r B 1- (g + ag+ 7p7p)z + quay 2 1
ST !
1
; | an-1 ]
N\ Ié PNB(!!) = ;l;-l- (GNB(Z)) =0 » n=1,2,...
{ i‘-
‘ | then
1
| - ,/ ’ '4
} 1- (g +qg+ 8,8,/ + quq i
¥ =
§ 095 |
, ®
ﬁ
e — . - s
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Pp *a
SIl P(B) 1 - (QA + qB + 'A.B) + quB

ViI., TIME-OF-FLIGHT INCLUDED

A. KO DELAY

Each contestant fires as rapidly as possible (i.e., does not wait

2 for round in air to land before prepuring and firing next round). Let
] Xp=8 o Xg=h
| Tp =T, (£ixed), Tp =Ty (fixed).

[x] - means the largest integer less than or equsl to x ,

(x) - means maximum of the largest integer less than x or zero.

s c [(38/% (T, /b,.)]

! PA) = p, z S
ﬁg Jm1 1
| ?
& [(go/a ) (7 /a,]

Ef:f 1 P(B) PB z QB'.l v/ /l 2
*\ = :
\i g
: S ((30/o)- (1010 [{an/o)e (/b)) !
fi P(AB) = p, E: QA (qn B -qy ) . !
J=1 ﬂ
i v
§
Fl Example: Let a.l/bl =¢, 1.6, a=¢c,b =1, where ¢ is a 5
' positive integer. Then,
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[TA/‘bl]+c
Py 93

b P(A) = =

f 1-q,95

i

g . qg-ow[o/o]c o q[TA/51]+°

fi P(AB) = l-qga/C] 1 - A B = - A B =

! 1 - qq, 1-9q,95

where
o = [TB/bl] +1 .

DUEL WITH DELAY

Each contestant waits until his last round has landed before he

prepares and fires his next round.

let XA = al;

The results are the same &s the no delay case, A. above, except replace

Xg =bys Tpy = Tps Tpp = Tg (TFA,TFB - fixed).

8, by &, + T, and b

1 by b + Ty, and let a/b be the recduced

1
ratio of (al + TA)/(b1 + TB), if the numerator and denominator contain

a common factor. AZ

MARKOV-DEPENDENT FIRE

FOR A

Ed - Bt&tes Of B, J = 0,1, 'ov,m

E,- A has B as & target (starting state at time zero)

co7

e e i 3 et

;

e SRR el

;
i
:
4
:
!
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Replace E by F and interchange m and 2, A and B, and a

and b; n.b., SB will have different transition probabilities.

E - A has killed B (absorbing state)

E, - other specified arbitrary states, i ¥ O,m

Then:

Py - P(B goes from state Ei to E 3 ], transition probabilities
m“: = (l’o,tto,O) -m cmpments .
Poo Por **° Po,m-1 : Po,m
Pio P13t Prma I P,
. . . I .
. : . I :

P5e1,0 Pu-1,1 *** Poel,m-1| Pe-1,m

I
A
= —— -]-— —_—— s transition matrix .
o | 1

B

o~
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P[A;NA-n] -mz P mg R[m‘/b]

-1 v
SIS I AN QR SN L b

P[AB] « 1 - P[A] - P[B] .

B. INITIAL SURPRISF. BY A

1. A Fires y (a Fixed Number ) Rounds Before B is Alerted

and FD Begins, y = 1,2,...

PlA, NA=n] T

RN SRR I
[{n-y)(a/b)]
T »n-1 T
RE 2%k i 2Nl ie)

PApﬁnb/a] em H n‘l,z,ooo ) IqA.y‘*' [nb/a]

o~

e

E il
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L ~
" Co4-1, T J(ia/p) W
(L Ay e )
i=)
®
': P(B) = Z P(B, N;=n]
n=)
| T T el
: .i‘;x{ﬁi..] [;-ﬁx(i)]
- . z p*l o T pldv/al v
. BonE ) -
! J=1
.
o P(AB) = 1 - P(A) - P(B) .
; 2. A Pires Y (a_rv) Rounds Befsre B Starts FD
)
' Pa‘lz 3 Yy=12,..., Q"I'P‘
Py(y) = )
0 ’ elsevhere
where

the probability that B acquires A on each unanswered
- round fixed by A.
N
T -1
- AL S CAR L
| had
o . -1 - pi-1 T [ia/v] -1
= AN -5 sl SO
1 =)
|
C\00
T ITT ) :',.'--’»-...r' TR I o o AP o .;__’M‘rg -

e et s

ey x e e - it
i i, 4 ot e A o e -

A e Bk +
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| 1-p, m P(1-q B)" [em - Ix eI~ B x (B2
5 i i-1 [1a/p) ¥ I
- (4% ads™) |
y f
T |
Fl - T -1, T.[ib/a) 1, pyl
g L Ead i) e w0t ey
j 1=
ko

T -1 b1\Tqy=1
: T (L g BT g - x ()
i-1 T S(iv/a)
| (L8 g

e e

oS . MR . .. ol s s B o A . o

| i) T 1
P(AB) = 1« P(A) - P(B) . Ea2 {.
* L Note: 1In 1. and 2., the case where B has initiasl surprise may be ;
¥ Z obtained by interchanging A and B, a and b, and ]1
r’) { an’ m.
S C. BURST FIRING |
L : let |
Eé z (fixed) rounds in a burst i1
: ‘ A ~ @& time units between rounds in a burst
"
]
i

o time units between bursts

B - b time units between rounds (no bursts)

i o el

101 j

BNy e N — : - s .




A ia + [i'zlj(o-a)

£(1) = £(4;a,b,2,p) &

b

is the number of rounds fired by B, wvhile A {s firing 1 rounds,

and

A Jb - (c-a)-[;;‘i_t:;_:.‘]

IEIREY RETEY

e(3) = g(3;a,v,2,0)

[z [ems])

is the number of rounds fired by A while B 48 firing J rounds,
vhere [x] is the largest integer < x.

l. Initia) Condition Both Start at Time Zero; A Waits a Time

Units to Fire First Rouna 3 B Waits b Time Units to Fire
Pirst Round

PIA,N, =n] = m, P71

;’é(n)
(n)

[

£

P uPi
=%

¢

L

P[B,NBHn] =

[ 4

A
-1
5

IPra §2P

L

c10e

T el o sk

i i T, ek 1, SR
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o
. T pi-1 T (1)
| w =) fntagty
3 i=1
R I w.
- T p3-1 T &(J)
| ) - ) Bt e g Yy
| =1 |
P(AB) = 1- B(A) - B(3) %
f i
g where §
§
- P(A) mey be approximated to an error <€, by truncating the ;
infinite sun &t N
P(B) mey be approximated to an error < E, by truncation at N,
|
) and where
LT (1) T i
N, = min {iif‘% L%fﬂfﬂ < El} ,
N, = ain {J 'mg Pﬁ(JH') e m.g P% e, < ez} .
( -
\; 2. Initisl Conditions Are A Fires y (Fixed Number) Rounds -
o pefore B Begins (Initial Surprise) 4
{
* L Q5 i
;: P[A,NA-n] :&.ﬁ Ef: ’ n<y ! a
’ [
i 4
;o - ml g1 T £(n-y) ]
5 Bwhowmh oy Y *
E T ol T (n) !
7 = = - ’,
] Featgenl mmp BTt m B R %
1
¥ ;
4
b
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. T oY . T -1, T .2(1)
CIEEHE CXPI L S ab L Sk
;o ) qm)
SB35 Y
J=1

P(AB) = 1 - P(A) - P(B)
vhile the results for initial surprise by B are obtained by
interchanging A and B, £ and m, and £(i) and g(3).

3. Initia) Conditions Are A Fires Y (A RV) Rounds Before B
Begins (Random Surprise)

1lat
(Py qi"l; Q=10 ¥=L2,... "
n(y) =
0 s elsewhere 4

and
Py probability that B acquires A on each unanswered j
round fired by A . é
Then ;
P -1 T a1
P =2 - py iy By(E - 4y B) 7 ey + py 1y By(L -0 ) ;
ot |
. T | T (1) i
L nty g 4
A=) !
hod |
T -1, T,.8(3) 1 ]
GEENAON oS4 L CHNE |
J=1 ~ ‘

C10k

s o d N

L
. ._-r,j.r"))iv.r-xv?if'm'f' Sl
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P(AE) = 1 - P(A) - P(B).

Results for random initial surprise by B are obtained by interchanging

A and B, a and b, £ and m, and f£(i) and g(J).

Approximations, to any desired degree of accuracy, for all these
probabilities (in 2 and C3 above) may be ¢btained by taking partial sums
where infinite sums are given. For example, an appropriate stopping rule
for P(B) in 3 is:

, . T T Jd+g(3+1) -1
stop at N*min[d.pa%‘ggg‘%ﬁ (l'qafﬁ') e, < e} ,

where € is the desired bound on the errcr.
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. j
; Ky X Are rv's ]
l‘ E
1 L - . !
I.{" : = b —L 0 - 0 —u
) B(4) 2+m<p>f_w y(w) () & @
' ‘
.
{ ' = '/-A— [ ¢ (-u) ¢ (u) Q
L a7l JL A B u
. 1 du
1+ oEm fu $p(-u) ep(u) F
| vhere
C
5 §, (-u)
. Py % {-u v, ¢ (u)
] ¢, (-u) = and ° BB _

A 1 - QA éA(-F) B(u) = l - qB ¢B(u)

P(B) = 1 - P(A) Ve

P(a) g, (t) = —3 {f-: o~ 1wt 0, (w)aw } {I: e'i“tNB(u) - I]du}

lmz i u
: i -iut
o | L 2 iwt ) e 0p(u)au o
?‘: h—nf_j_ {[w e OA(w)dw j {-/;_, = _,’
|

@ ¢ (u- w)[°B("') - 1llaw

P) vy () = g [

- 00 w

-

1
2ri w

o4 f ¢ (u-~w) OB(w)dw
L
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| (n) ]
R = o{m)u)ie (w) - 1lav
| . ( ]
{ P(A) u (A) = —1 Iw B
1 o)) & (w)aw
E T am™l fL v
A&G2 g(t) = gy(t) P(a) + gy(t) P(B) = b, (t) HS(t) + by (t) K (t)
n-1 n
P, 4 f_ oo & (u) ¢_(- )d
P[NA-nIA} = AP AA_ % - 2_13;1_ (P)f“ AL uB u)du :’
| n-1 A
oy [ 1 (u) 9_(~u)au

i -1 n
| P, 9 dp(u) €, (-u)au
! P(A) Zmi L/u m ) n>1
|1
® $ (u)@ (-u)du 4
. .1 1 .1 At/ % | ’
; 141 A ]:ZPA 7 ) (1 - gy @) u ] i
L1 l: 1 P $A(u)°B(-u)du %;
, F(a) Pp e Jy - Q, d’A(u)]z u ' : j

W e

1-q, 4 u

. PA f
" P(&) 2ri UL

d’A(“) °B(-u)[l *q, $A(u)du -
(1-q, d»A(u)]3 u .

i 1+ q P o

. ) A A

| E[Ni | a] = P(A)JL N (P)_/-w
A -




' FD - CRIFT |
b
Eeog EEEN P, ¢, (u) o (-udi2 + q, %(u)]du-1
v b "PR) | T 2 T Zm f ) J
i . 4 pA L (1 - qA $A(u)] u
‘:‘ ¢
g,
‘ B f éA(u) °B(-u)[l +q, $A(u)]du
f : P(A) 271 §f [1'qA $A('u)]3 u
o il "o
S PN >n |p] mwded A Py [T ¢y (u) o5(-ullqy 4 (u)] du}
S A=To ™ TR} e Tem Y, (1-q, ¢l
Ly A A
L P(A) | % 2™ J 1 - q, & (u)lu J ‘:
o |
, ! n.-1 P
3 - 1 4y () O (-udiq, &, (N ° " i
PRYZTL Jy [1-aq, ¢,(u)lu i.2
- PN, «1]A) P[A) N “
l E P[NA=nlE] -mil - 7 ,f y n=0
??:f i ) E) {‘*A PINy =nlA] PIA) - PN, =n+ 2]A) Pm,“ » nzd
a3
n ; P[N,=n] =1 - E) P[N, =1|A) ) = 0 | |
L_‘\ E A Py A n
N s
| § - B(A) PN, =n|A] - PIN, =n+1]a)! » n21l
]‘ » Py A A J =
. AP[A] = P[N, > 1+1,A) - PIN, > 3+1,4A], for a_ =1
€109 =
i
}
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A&Gl

(Note: The above is & marginal increase in FP(A) 4if A's initial fixed
supply is increased from i to J, J2>1.)

Approximat.ions

1) P(A) ~ I ot (k, 2)

——

(see example 4 following)

B

p = Elxgl

+

P, T by 2

A¥a T Pp'p 2( 1 1 )
PpTy PpT'y

2 2
. {. (qArA) -1 _ (cBrB) -1
Example 1: let X, ~ ned(r,) and X; ~ ned(rp).

PaTa
l
W&AL P(A) = --—————---pArA e {two different plots of this follow)

€110
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el (PATA*‘PB!‘B )t
-(p,r A+ Pp¥p t

\ p,r, * r. e
P[A iz alive &t time t] = -2 5’8
pArA+ PBI‘B

BA(t) - BB(t) » (pArA-& pBrB)Q

4

¢ 0.1
(.

b

B
// - P(A)=0.5

e WY
[
|

N T |

0 { e 3 4

X Pala '

k-

4

3 The Fundamental Duel with Negative Exponential Firing Times
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PUA)e, 5

.9

4

2

Pa

(b)

7
r" Zr. et

/

The Fundamental Duel with Negative Exponential Firing Times
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a
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b
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Example 2: X, ~ Erla.n.g(Z,rA) ad Xy ~ Erlmg(Z,rB)

2 2
(p,r; = pro) + br_(r, + r_)
P(A) = pAri[: E— i B A_B . WaAL
PATa = Pptp) * Umyrp(ny + rp)(pyr, 4 pyry)
2p,r 2{r,+r Nt
P(A) g (¢) = T N
29p
4
- sinh 2r, Jq, t(sinthBJ;;t-&J;;costhBt) . -
1.0
.8
.6
pB
4
" 3
[+
0
The Fundamental Duel with Erlang(2) Firing Times w2l
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1,0 1.0, '
/ / ,ﬂ ] ‘ﬂ/.;- P(A)=,.8 }’
.8 8
/ / %
SR IA 7 P(A)s,8 / .
N ) p T_r% .6 T /
Py Pl ol Bl /i o= 20y
4 4
7/ yd
/ / '7 o .
.2 ] :
/[ / ¢
o / {,__—-4/ .9 J
o .2 o‘ " '. "o ° o .g o. o.
P
(b)
The Fundamental Duel with Erlang(2) Firing Times
Exsmple 3: let X, ~ Erlang(n,rA) and X ~ Erla.ng(m,rB) .
pApB m-1
F(A) = RCSYIC L
9 3= \
* 1 A ————
( E.B./ 1/m 1273/u n \ ‘m=1, 127/m 127k/m Y 1/a 12"',1/:1‘
e RN Ry
k#J
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3 m-1
b APB
o P(n) = 17m)m-J Z.
; J=0
(-1.)3 eiZ"TJ/m
mr n
{[:“ -nr_i(l-q;/m eﬁﬂj/m):l "%}(1 ; q%/m A27i/m q sin T <k J)
k;‘a
QE In both expressions, the product term in the denominator is 1 if Ab
‘ m=],
Example 4: Let h,(t) ~ Erlang(k;a) end ha(t) ~ Erlang(£;8) .
' PIA] = I .. (k,2) . Wl i
o ;
: Example 5: let X, be general and X; =~ ned(rB) . i
3 _ P Sy mp) | !
» MA) = T CAEREENE) " '
 ENEE )
T‘ [1-q, ¢(iry pB)] §
: 1
“ Sub-Example: let X, ~ Erh.ng(k,rA) |
» i
P(A) = Pa
rB k_ q
! (2 R %) ;
] |
{
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' Ty k
n(1tmn)
Hl E[NA,A] = .

[(1»«%%;-%12

II. VARIATIONS OF INITIAL CONDITIONS

Let p(».)f = P(A) for the fundamental duel.
A. THE CLASSICAL DUEL

A and B start with loaded weapons and fire their first rounds
sumultaneocusly and then go tc the fundamental duel.

P(A) = pAqB + quB P(A)f

P(AB) = PAPp (both may be killed on first round).

Example: Let X, ~ ned(rA) and X5 ~ ned(rB).

P(A) = pAqB(iB:B* r,)
PpTA * Pplp

A plot of this follows in which the upper end of each contour .

s bl kb cwcudieptidd ol ittt .

teruinates at p, =1 - P(A) and where A is better off if apTg > Tpr -‘
ap ¥ 1.

B. THE DUEL WITH EQUAL INITIAL SURPRISE (TACTICAL EQUITY)

One-half the time the duel tegins with A sighting B first. A

PRSI ] kAN

then fires one round, which alerts 133, and the duel then proceeds as a

RPN

fundamental duel. The other half of the time, B first first.

C116
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The Classical Duel with Negative Exponential
FPiring Times
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P(A) = % [pA+ qQ, P(A)f:‘ + %‘-qB P(A), .

Example 1: lLet X, - ned(rA) and X, ~ ned(rB) .

P(A) PRS-
e PpTy * PpTp

pA[ (@ - PB)’A*I’B:_:;:]

1.0 |
.' 03
‘a / p(A)'oS/

. / //
pa . /4(‘:% s
. j / // 2
i S lre

Fa
()

The Tactical Equity Duel with Negative
Ex-onential Firing Times
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The Tactical Equity Duel with Negative Exponential
Firing Times (Continued) WaAL

Example 2: Let X, =~ Erlang(E,rA) and X, ~ Erlnng(Z’,rB) .

2 2.2 2. 2 .
P(a) _% 5, (pyry = Byry ) 2T, - (::‘A+ ryipgl+ br,rp(r, + rB)[ZrA+ (rg= 7, )pg]

(ra- rz)g+hrr(r+r)(r+ r.) A
PpTp = Pply ATB\TAT TR/\PA Tt PpTy

C. THE DUEL WITH UNEQUAL INITIAL SURPRISE

let O equal the fraction of the time A s8ights B first, and,
l«C bYe the fraction of the time B initiates the action. Whoever
starts first gets one round without opposition and then & fundamental

duel begins. This is simply a generslization of Section B. above.

P(A) = alp, + q, P(A)f] + (1 - a)qB P(A)t . *

e e B
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D, TACTICAL EQUITY WITH INTTIALLY LOADED WEAPONS

i Each contestant fires one round first,bhalf of the time.
However, +his case, the opponent has a loaded weapon and immed-~
iately returns the fire with cne round, thus precipitating the duel
if both aurvive the opening engagement.

!';i . P(A) = 3 (p, + Quap P(A),) + 3 {agP, + 9gqy P(A),)
1
2

Pl + qp) + quap P(A),

— e = -

f. Example: let X, ~ ned(rA) and Xy ~ ned(rB) .
iy

Qg PpT
r 2 *A B BT, + PpTy
s }’ E. RANDOM INITIAL SURPRISE i

Let ‘ {

Tg = rv sighting time (not necessarily s positive rv)

rs(t) = pdf of 7

O {u) = cf of £, (4) .
;s' S {
The aighting time is a period during which one contestant may fire with

1

¥ impunity at his opponent. 2t the end of the sighting-time period, if 1
hf the duelist who was firing has not killed his opponent, the fundamental i
..‘ﬁ 1
‘ | duel resumes. A positive 'I‘S iz & time advantage for A and a g
i

i
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negative 'rs is & time advantage for B.

P(A) = %—+ é—% (p) / QA(-u) € (u) 0g(u) %

- L
™

emi

r.-\’

6, (-u) ¢3(u) o5(u)

"
-

ca ) Gl W qwm e

Example 1: Let

X, ~ ned(rA), Xp ~ ned(rB)

2,2
fo (t) = ,_1 et /20
S N2rno

05 (u) = o= (0 )2

MA) = F - t@iay M) ¢ mEgy e

where

a = Op, T, and B = opBrB

2 © 2
- -1 y ﬁi -x,@
T(y) r‘—z—" e :[ e dx .

This 4is plotted in the following figure.
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&

3

.

NI
3

; .3

P(A) =.8

{
ot 0 | 2 3 4
L 3
l’ [ TPl
3
f
L, r W&AL The Duel with Random Initial Surprise
: ! (Negative Exponential Firing Times and Normal Sighting Time)
Example 2: Let
X, - ned(r,) and Xp ~ ned(rB)

-t
tp () = %c /°, c,t >0

8

c122 '




rT (t) - o) tso L]
S

Thus, A always has the sighting advantage.

PpTp PpTp Pp¥p

P(A) +
\PyTy + RyTp/(1 - pprye) <p,. +l)<pBr -l)
AA " ¢ B ¢

Example 3: let X, ~ md(rA) and X, ~ ned(rB) .

fr(t)--:-l-e c,t >0 , i
s ¢
1
= O ’ t SO . ;
Thus, B alwnys has the sighting advantage. 3
i
{
P, r ]
AA
P(A) = .
(pyrp + Byryl{1 + pyryc)
1
Example 4: let X, =~ ned(rA) and Xy ~ ned(rB) . i
-®BE < ® |
. L olt-al/e ,
r,rs(t) T c>0 i
W A<t | 1
) eidu '
Qalu) = —— .
8 l+e¢ uz
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’ “PpTpd «d/e
: P.r. e PaTa Dol €
L, P(A) =1 - BB 222 A"A YB'B 1,"d.>.o
: <pBrB+ PATa < "¢ Py A) <PB Z’ )(PA"A " )
|
?‘ i p.r.d
fo B'B d/c
R D,r, € PpTy Ppr
| B(A) = ATA A”A P3"B , a<
. . 2 2 v X -1
j Ppfa” PpTp ) 1-cf ) PaTa 0
- 2
a : BT, 2(1”' te ) = Pp¥ n("AA"PB B)( < Pp'p ) )]
- c
- P(A) = =0
- 2 | 2. / +
- c"’B’B) \ PATAT PgT B)\c Pp* B) PaTa”
- Flcts of these equations follow.
i’ E 1.0
u ¢=0.5
I
0.6 2
os—
, < !
A E ]
N 04 ;
3 i
002 pBrB = 1
)
! ] ] i 1 1 ]
O 1 2 3 4 5 6 7 8 9 ,
PA'a ‘

RS e\ e
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III. MULTIPLE HITS TO A KILL
L A. FIXED NUMBER OF HITS TO A KILL
B,
: A nas R, hits toa kill (R, fixed)
b
3
g B has Ry hits toa kill (R, fixed)
A
=:” Y o
wliere
r o (a) £, &, (u)
i | At N A '

Exonple: Let X, ~ ned(rA) and X, ~ ned(rB) .

1

P(a) = I.(R,,R;)
i

where

4
Pp Ta ‘

Pa¥a * PpTp
Plots of this expression follow. i
%
1
|
|
f
$ i
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Let

- e e e e T ——

: T 0.6
| g
a. 04

. Fundamental Duel - Multiple Hits to a Kill
* and Negative Exponential Interfiring Times

.’:J.mﬂ""v' T " o
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T '
B. RA AND RB ARE RV'S

o, = (1- il

j
Er Let
b
% PR, = 1] =€, and P“‘B'“'% .
|
r We have
i 1 du !
| ) = gk [ o g & |
% where

- ’ pA *A(U) \i i
| Calu) = }__, 4\ Trg e ) -
1=1
¥ !
:Ii Example: Let X, ~ ned(rA) and X ~ ned(rB) %

!

a (1 - 8)ad=1
J (1 - 8)% .

T,

We have !
X, s
3 ) pArA(l -E) »
} . P A .
! pArA(l - E) + pBrB(l - 8) 1!
Plots of this expression follow in which: i
PLY
K = BB . 1
PpTp %
128 | {
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] e 1
!
Bh? l
|
L
K C. R,,Ry FIXED - LIMITED AMMINITION |
3 let
] P[1=1} = a  anda  PI=3l=p, , 4,5 =012,...
L R -1 w Rp-1 i
. - J v jJev !
‘ PA) = ghy [ oyl o) B [ L s )oey ) (3mad ;
| R, -1 |
fr -[1-@2 c Loy )] |
] 1=R, i
N
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FD - CRIFT
RA-l - RA':l
pap) = 2 Gy Z oy ), Cme™ )
S im0 1=k, va0 ’
Rp-i - Ril
d 4y .1-
( By * Z P (Ve )
=0 JnRB ve(
where
é, (u) "o
Pp Op'tM
€y () = [1_ ™ ‘A(“)] 1211 [1- IqA$A(u)(i « R+ l,RA)] » end

A

‘Bl(u) is the same formula with A replaced by B.

Example: let O, = (1-ak?, By = (1-8)88, 1,53 =0,1,...

X, ~ ned(r) and Xg ~ ned(rB)

BpE Rbi Ry+1-1 r(l BqB
P(A) = z-an) ( ( (1-an7+r(1-sq )

ar pA

R
( A '
"\ TiT-og,) * rpli-fay) 7) "l: (1-an)

o= [1- (25 ) ) [ (2 )]

\l'an)

pr \RB] QpA RA
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D. RA ANRD R‘B ARC RV'S - LIMITED AMMUNITION

Let P{I = 1] =a,, PlJ=y)e= °.1 y 1,5 =0,,...

PR, =1] =€, PRy=y) = 8, 1,§=0,,...

p(A).E}zL 0 (u) 0 (0) Bt pR 0 - BE )

vhere
- ] J o0 j
P, éA(u) :
OAl(u) = jZi EJ [1 - qA ‘A(ﬂ] 123 01 < l - IQA*A(u)(i - 3+1, J))
e e fad ]
b |

| J=1 i= =0
>

P(AB) = PIK,] P(R]

Example: let a, = (1-a)t » By = (1-p)87, 1,J = 0,1,2,...
€, = (1-€) ) 8= (1- a)s’, 1, = 0,1,2,...

X, ~ ned(rA) and Xy ~ ned(rB)

P(A) = —A[ -a(l- -P, EX+ rB[L - pAl- Py 5)1 1-p01- Py 8)

. r 1-p QPAE
,.l - b(l-pB 8) || 1- a(l-pA €)

%
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it s

|

¥D - CRI'T

SRR
o P
! b
b - l-0 1-p i
L - .
:
| E. DAMAGE ’,
1 1. Damage as & Function of Round Number ;
] '
! See FM« CRIFT (page (26 at seq.) for definitions. 1
H I }
: Example: (same as in FM- CRIFT, page 28)

t X, = md(rA) and Xy = ned(rB) , l
‘ 7, (0) = Py (1) =8y By (B) =y, Gy By =l !
p, (0) =, L)=ge., v (a)=v, + B+, =]

| Dy g Fog B Dy B’ B *Pp* M
; : where &,b are the maximum tolerable damages for A and B,
3 l‘ respectively. j
Pi r,Y rb Bb r. Y.
r§ P(A) = r'YA*Ar‘Y + (r-yA+:77‘ B_B .
A'A B'B A'A B'B [rA(l - °’A) + rB'vB]
a8
(r,v, + v.Y_) Y
| AR TBBT [(1-ag)rg + rym ]
g

| o (ry B (rg 8

. [ s Ya . o
(rA'YA + rB'YB)(z'A bA)b [rAYA + rB(l - aB)]a J
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PR R YA e Fr T ErTT
BT a e R Eae A T AT DA L L ANl
B L= AT CERRR 1 /8 LA AL CPE LR a "
R L KR v 7 A f

FD - CRIFT
where
b=-i-j+a=-3
. c = (
| 1+3'<v-2 a-1
- 1

. (rA BA)i [rB'YB+ (l-czA):"_,,‘]"J [(I'OB)rB N (l_QA)rA]b-i-;j-l

b-i-j+8=-2

)
1+ 3'<b-1 a-2 !
1
[] l ‘
T 3 p beiog °
i 2. Damage is Time-Homogeneous
‘ Refer to FM- CRIFT, page C28, for definitions, and e,b are ;
IR , 1
‘ maximum tolerable damages to A and B, respectively.
‘
P(A) = coeff of series (in z and w) expansion of
b-1 a-l1 i
z W
}'\ :
p, =26, (z) 1
Dy Dy |
(1 -2)(1-w)p, + p, - 2G_ (2) - wG_ (w)] °*
Py Pg Dy Py

Examplz: Let pDA(l) =0, pDA(b) =B,y O+ B, =D,

C133
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o —

N&J1

Iv.

A.

Bh5
&AL

PDB(") = g "DB(') =Bgs Og* Py~ Py

and let

%

Pp* Py

and v

-l 4=l 4, o, RF el gy
P(a) -PA?PBE-Y< 13 )"1’3"/\_.Y< 1 )xm.ya.

420 j=0O i=0 §=~0

ROUND-DEPENDENT HIT PROBABILITIES

UNLIMITED AMMUNITION

Let

?, = P(H on n-th round | n-th round fired)

pN(n) “«o = P(H on n-th round, n-th round fired)

n-l n-1l
o, * P, 31.10 (1'93) =P, 31:0 9y, where q, =1-p;,q=1
> - b o k
0k(u) - 2 %‘:(“) { T S , k=A,B
n=] Qn - QJ for k
a
=4 (u) - (1- 4 ()] 2 ‘;(u) Il gy
i~] j=1

P = gy [ ow g &

c13k




FD - CRIFT

Example 1: Let X, ~ md(rA) for A, then:

d .1,2,.-0,N ]

| e (§oa o - g2,

‘;\
5 vhere
1 . +
‘SN-l H Nel, a>0, Na constants .
qu. qA - .(N'l) >

Let Xg ~ ned(rB) for B, Py & constant.

| N-l
| P(A) = 1 . 13, [1*<n?1)<x:1)]

| where

M T

r

x = A
k PpTp
? Egzple 2: Let X, ~ Erlang(2,r,) for A
p
L' qAJ = T ; J = 1,2,0.» .

Let X, ~ ned(rB) for B, Pp & constant.

A < e ettt vy e,

. . 4
R O A N A IR TN . ST — il

e comeyterte 4 FIAARE RO ST corng

B,




2
1+ xf - (1+2x)w[qg<1f;)]
| P(A) =
i 1+ xf
|

vhere

r
PpTp
Example 3: Let X, ~ ncd(rA) for A, then

qu bl '5" H J=1,2,... .

Let X ~ned(ra) for B, p, & constant. {

; seu(ete) *

P(A) =

l+x

vhere

' |
; x = A, 1
' |

|

PpTp
3

See the figures for plots of P(A) which follow. P(A) has a
h\ lower bound $ O. The bound is:

7

i r r,+r
| 1. B A'TB |
| P(A), =1 < )e

+
r A !‘B

which, for (a), (b), and (c) in the figures, are .0635, .1756,
<351, respectively.

and
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1.0;
a®'sy ]
‘3 |
8
[
)A:'.b
6 "
Py / I ]
4 / | j
o /
_———" S !
9
o '] ® L]
2 q oa 6 .8 1.0
(b) ;
1.0 — v -
/ RO S ; /
i 3

1 (S S / :

.6 + — ;
P ;
® / P(Ay i
-4"'/ -4 - - !

| /

2 /% 2 1

. = ———-—&——~_‘7‘

. ! !

: —— { ! X
0 2 .4 K-} 8 1.0 o 2 ] ) 8 1.0 :
P D‘ .1
(o’ {c) \
i
|
Plot for Example 3 AL 1
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Example 3 (cont'd): Conpare this to FD. Let P(A)f = the golution

to FD with all ned's and P(A) as above. Then

x(1 - p, )
1 .
1+ X+ 1l-exp [—— §

P(A) .< pr)l 1+x

P(A) 1+ x

T
| where
Ta
X = T . ‘
Pp Ty
Al The above is plotted on the following pege.

Example L: Let X, ~ ned(rA) and X; ~ ned(rB)

n,-1
./nA*kA"l\ kA*l/ A
PNA(nA) = DAYI = . / gA \ l - EA ) for
A

nA-l,z,ooo; kASO; O<§A<l

¢
2 AL
pA 1+ kA(l ~ gp HN ’ n.b. pA f pl .
A

Similarly for B.

i

Let i

EB ry i

w2 P = Tr + £~ and = 1-P !
0 QArA + 8'B Q'O o ?
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13
Pl
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2.2 |
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1.0
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ko i
P(A) = i>:o <?‘)§:“1<1- &A)i

| z <]:B)£:B-J<1" gB)j I%(i”'“l)

where

I. (.+1,3+1) = P[Bin (3+ 3+1,P) < J] .
Q o

Thus, IQO may be found either in binomisl probability tables 3

or Ilucomplate Beta Function Tables.

Special ‘ases:

(1) hy =0 or pp=1; ky =® = § =1

Jar S

- ( )P
P(A) = Qe W% .

(2) ky =kg =™ = 4 =f r1

o aeiadadl] et -

pa) = e-[(qA/pA)PO- (a5/P5 )%}

i

j}

n q i q 1 q J i

Ap 3o ) e (Bg A \

V\p“OpBQO) '\BQO/ l<pAPO,) ,‘
‘Y% L : "'""Z—_ﬁ"— T Y (e

i=0 101 J=0 :

|

!

i

Cliu0 i

1
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P
i
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] FD - CRIFT
2
-
.,‘v § )
§
{‘ f (5) kA-n; kB-l = tAnl
) |
Do -(q,/p, )7 q |
b . - A'FATTO A
(g P(A) = Qe §1+ P0<1 - ;B)<1+ 2 % )‘ .
E ‘ On the following pages are the plots of P(A). w2
'
‘ B. LIMITED AMMUNITION
1. General IFT's
¥
: a. Fixed Ammunition Supply k for A and £ for B
i - n - n
] 0, (u) opy $hlu) Pan 1l @y G0
! n=1 n=l 3=0
¢ i 2 k e
| S -u) du -
L PA) = 7% fL ¢ (-u) o) v ] qB:j[l Il in-l
| 31 1=0
> 1
i x )
P(AB) = H Uy H qBJ .
i=) 3=
;’ Exapple 1: Let X, ~ neC(rA) and Xy ~ ned(rB).
:x__
‘ i 1-1 z 3-1 ]
: P(A) = Pas H Uy Py H Qp¢ I r, (1,3) .
\ i=) v=0 =1 §=0 = w
: ATy |
t * H qBJLI - n Q4 * Bh5 ;
] 3=0 1=0 - 3
;
]
]
[ s U3}

[ro—



\ ko:=0 kg =0

7 T
,3/ P(A):z.5

P.s f / fa:="8
7

T~

]
\
\;‘
P A sk 2 BN

% 2 4 € 8 10
' Pa
f (b)
| ;
1.0 !
A .3 P(A):=.8 p
A TY
s //
P
¢ 4 ] / ra=273
INA
9
2 |
Y l—/ ;
] !
—
% 2 ' 4 6 ) 10 |
p‘ p‘
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Example 2: Lat X, ~ Erlang(m ; r,) and X, ~ Erlang(n srg)e

i-1 2 J-1

wr, Bh5
i=] vaQ =1 §=0 W
2 k
I “Ba[l -l qn] .
=0 1=0 -
b. Ammunition Supply & RV
PlI=i] = ¢  q, =] o] = = > =
i
OAl(u) - Z Qo 2 Pay $A(u)
i=] n=l
- 1 du
W) = g J Sl o
* ZEJ H qB§L1 - Z oy H qu]
J=0 £=0 j=0 va0
o 1 ] J
) = ()oe Ta)() o T a) . |
1=0 va0 3=0 t=0 !
|
!
{
1
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T e e

2. ned IFT's

a. Both Have Ammunition Limitation; A Has k Rounds, B Has £ Rounds

Let X, ~ ned(r,) and Xy ~ ned(rB)

i .
s
B}

Cc = rA+rB-iu

C' = rA(l-b )+r(l-6 )-iu .

bolu) = iin v H qB§ A)<B)<1+J-l

1=0 j=0 v=O

J
r
i W %1 H qBE(r -iu [ ?ju] IrA(k:J*' 1)

3=1 1=0

e 1

i 3

r 4

A .

i ﬂ 9g4 H qu< r -iu)[rA-iu:l IrBu’i* 1) 1
T

1=l j=0 ve

for n<! &and m< k

k
P(A) VA(U)'Z Z‘ Ppy H QU H qB§<%)<?)‘j<i+J-l)

i=] j=O v=0

2 -1 ! r i ’

A

* L om gy qm(;—:n) I (2,14) .
i=1 va0 3=0 ’ _c§

as o
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P(AB) WAB(u)

a ( T k rp 4
= H in ﬂ qu rA_iu) I‘!‘B(z,k) +<r -iu) IrA(k’l)

1=0  3=0 = B

C T 1
! - 2-1 i-1 -
i r J,o1+ 3§ -1
- B
4 P(A) 2 Z Py H Uy H qu(:- Y1, < e )< )
k . k 1-1 ! ‘
\ * Z Pps 1 By HqB,j Iy (61) 1
L v g0 R -1
o A"B 1
i K : 1
[ ﬁ P(AB) = H in H qBJ' ¢ :
& 1=0 3=0

b. Only A Has Limited Ammunition; A Has k Rounds, B Has
Unlimited Ammunition

Let X, ~ ned(rA) and X, ~ ned(rB) .

' Ty i rg J i+3-1
! (k) = Z Z Py H %Yy H qsg[ﬁg_ra:] ( 15 ) < )

r
i=1 §=0 =0 £=0 A "B J

1=0 J=1  va0 =0 B

J-1

r, ¢ rg J, i+ 3-1 :
B)'Z ZPBJ H Gy H B§< rA+rB)<rA+r < /\ |
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c¢. Both Have Unlimited Ammunition

; Let X, ~ ned(rA) and Xg ~ ned(rB) .

1
Bo(")‘z Z oy 1o 11 T

e
i=0 j=0 vaQ £=0
© O
r,r r+r )
im] §=0 V=0

.and similarly for P(B) g.B(t) 5

- L SN 4o )
| Z }dpAi F Uy H qBi(r TN <rA+BrB) (igf):d(,jl-)l):

i=1 j=0 V=0

and similarly for P(B) .

e g e T ———

Exarple 1: Let Ppy = -:L_-%—i' ’ pB,j = =0 .

—l .
d + 1°? pAo’pBo

i
] P(A) = Z Z - D(a+3)
S

C1s5k

i=1 j=0 (1‘ + r ) (i + 1) (J + 1)2 .

"1

r T r r ;

"z 1 ¥ T, Jn T, +tr, - T ln . ! !

2 { Ty "A*' rB Ty rA+ ry } :; §

: -\ i . - 3 i

E_X_WR:.':Q_.Z.' Let PAi \1 - ) and de (l -p ) . g

i 2 “t 2 1 ]

Bh& 1y ryrd 1+3-1 .
si1 P(A) = (1-a*) a ) - ( ) .
1= Jﬂ (rA + rB) j 5 :

;

)

!

!
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V. TIME-DEPENDENT HIT PROBABILITY

¥D ~ CRIFT

GENERAL IFT'S
Let 4 =A,B
p,(t) = P[H by 1 | & firing at time t),

qy(t) =1 - p,(t)

ef of q,(t) =a,(u)
oy ) = [ 0,6} bylu - whaw

+ 51; f a,(w) &y (u - w) 0y, (u - waw

Oi(u) = $1(u) + [éi(u) - 1] Ooi(u) ’

Ir Qi(w) has one (not necessarily simple) pole 8t -w,, in the lower 1
half of the complex plane, then
l o0
31(“"’01) - Iw ni(w) $i(u - w)dw (known ) ‘

and

had h)
O (u) = Z il 5, + kg, ,¥o,)
4=0 k=0

O W RCSEANE 3
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FD -« CRIFT
o Example 1: let X, = ned(r,), xy = ned(rp)
} q(t) = nePt, o<n<l, p>0, t2>0
by -tt
3 i ap(t) = te >, 0<t<l, (>0, t>0
B
i ' = —-n_- '
.;_ a,(u) 5 ) fgla) = A.
a !
g ! Y]r k 3
o r /p ot (-1)k< -p—A)
‘v‘ b o (- ) - 1 - en A
- ALY u KT Tu < 1(r, T K5]
Bl k=0
L fro \J
o - J B :
. o o V() |
S pla) = 1-wue JT T+ Lrp + 4 0]
L1 J=0
: )
N B P
E P(a) 1 R
4 3 /rB+;j§+ r, W, f
‘;'if >—‘ (= l)d[ <ﬂrA) :r(r + JC)'Y R
! where 7Y(x,y) 4s the Incomplete Gamma Function.
l Example 2: Same as Example 1, except qB is a constant.
” <rA+ Pp'p ) < T
P P
5 - x £
: P(A) 1 - 5 Py < e, e
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FD -« CRIFT

B. IFT'S ned

Let Xy ~ ned(rA) and X, ~ ned(r

B ) -

B

P, = pA(t) is centinuous, integrable, O < P, <1, and

Y
lim
& — "/O pyx)ax = =

Similarly for B.

P(A) = /O vy 7, (t)

t t
. (-7, fo PA(x)dx-rB fo pB(x)dx] )

Exemple (A Closing Engagement): Let

p,(t) = = 7 O<tst;,)ebr,t,,v positive constants
(rs - vt
= & t>t a,b < r2 vt. <
— z ) 20 S - r .
(rg = vt ) 0 s’ 70 " s

For pB(t), replace a by b.

(1) a.rA
P A B cetnmmecm————
. T1
arB + er

C. IFT's NON-STATIONARY POISSON

Let pA(t) and pB(t) be as in Section B; and let rA(t) and rE(t)

€157
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FD - CRIFT

) =1 [ () myltde

P(A) gy(t) = p,(t) ry(t)e

P(A 4is alive at time t]

N t
' Sc2 =1 - f pp(4) rp(tle
. 0

D. Hit=-Probability a Function of IFT

let p,(x,) = P[H | firing at IFT NE

pBpr) = P[H | firing at IFT I

cf qA(xA) - QA(u) ,

be such that ri(t)At + 0(At) = Plexactly 1 round fired in (t,t + At)],

i = A,B. Means both f'iring processes are non-stationary Poisson.

=1%o, ()ry(n)+ mp(neg(n)an

-8 1oy (), (8D pp(B)rg()]at

- [py (n)r, (n)+ pg(n)rg(n)lan

at

de .

qA(XA) =] - PA(XA)

qB(xB) =] - pB(xB/

QB(xB) - QB(u)

]
with a fixed ammunition limitation of k for A and £ for B, \g
& ."
L 2 ]
ooA(u) [: 57 Iw *A(“ - w) QA(w)dw [SA(u)] 4
OA 4
¢ - - :
:
and similarly for B. 3
b
c158 : é
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a P(AE) = (Jow q,(x) £, (x)ax )k( J;w a5 (x) fB(x)dx.)‘ :

FD - CRIFT

r
o P(a) = E‘vl?i JL ©4p (-u) 05, (w) d?u'

-

' ; +( \/;: g5 (x) fB(x)dx)l{l - [\/(: q, (x) fA(x)dx_]

/

i Example (Both Sides Unlimited Ammunition):

Let X, ~ ned(rA) and Xy ~ ned(rE) ,

i . -pr o] X

S q,(x) = e and  qp(x)=e .

rApA[(rB + pP)(rB t Pt Tyt CA) + TpPy = xR ]

B
(ry + rIQ(DA + E}DGA + DB)(rB + oA)

P(A) =

P(AR) = O Bhb

VI. LIMITED AMMUNITION
A. AMMUNITION SUPPLY A RV

A draw occurs if both run out of ammunition. lLet

[~ J

l P(I-'i)-oi, (I =w)=q and G+ (L. 0y =1, 1=1,2,...
P(J=.‘J)=BJ: P(Jmm)-_-fa,oo and 'e°°+jgo 53:1, i=1,2,...
P é(u> ' N K
A YA | i
0, (u) T-q,6,0 g 1- Z ai[qAéA(u)]
AR i=0 i

Py $B(u)

‘ d
oBl<u) = ITQBT;—(D l- }‘ SJ(QB$B(U)] )
J=0

C159
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1 ® du
1+ Z Bj qg_‘ + m(P)Im °A1(-u) ‘?Bl(u) o

=
>
n
[
— 1
[
[ ]
[oN
g)l\/g
Q
[y
g
| 1
1
[
&

gt oA

n o g 3, L du
§ - [ B Z % qA:l 2 ad 9 * Zri fL o-"«ZI.("u) oBl(“) u

10 J=0
i o j
0 i 1 du
L =1 - Z 9 9 * Fh fU Opq(-u) 05 ()
:‘, [ . i=0 bt
@I ¢
o !
:' l A @ [ <] ‘i
o \1, ., i i '
] A&GL  F(AB) = Z Q, q, Z By o
N
P(NA-nlA) ——P—C&-)— (a, + Z‘ Qi)
i=n A
[- -} n |
3 ¢ -
. 11+ Z ) h A (P) fm $A(u) BL( udu ;
2 3 8/ "2m - u !
J=0 - i
P
Py qX-l ¥ 1 sz(u) °El(-u)du 7 o
= a + Z (0] l- f = P
“P(A) |\ e 1 2mi J, u !
i=n :
1
:?
{
i
: 3
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K
Py qfi'l N
, o+ a
| At (e ) o)
: i=n
r

n
e d . L [ ¢A(u) 0@-1:)&1
. 3 9B 2m Jy u ! nz1l

ST TS

E(N, [A) = ﬁ[%(u Za qB)s =T (P)f I(u)du]

J=0

3=0 v ,
& N
where
0 i -
’ 1- 120 Qi qA
s zk - Z ia q
1 Py A) d
i=]
> ,
0 - - i .
1 (u) . 6 (u) Bl u) 1l i==O l(qu’ u)) ) 2-‘ ‘o ( $ ( \)i ) ﬁ
1 sr 9,8, (W Tu 1 -7q,9,u) N
i=1

E(NilA)-?(lK)-{%<1+ Zbd q:)sz-;%(l’) f: Iz(u)du}= §
J=0 -

Cl61




i - S .p_A_f (u)du
Ay e T Emi LIz“

i K

P P S
o . 1L Jg . ._&.j 1 au .
o P(Af{ 32. Py 93 °2 Zm J o 2 (wlau g

‘ vhere
(1+gq,) 2 \ i N 2 4

sz,z[ <1—ZO "IA -aliaiqA-ZiaiqA
i=1 i=1
Y
E - 6 (u) o ( u) (1+ qA$ ()] [ % 1}
N I(u) = 1- a,(gq,d, (u))
e A r— Q% (u)]u{ [ - qAé (w))? 12-?) 17ATA

h‘ 0

AN RN
17

- I—_—W)' Z/ ia (QA$ (u))

‘ '» B(N, > nyla) = ﬁlﬂ {% < 1+ JZB P, q%)85 - ;%- (P) J.: Ib(u)du}

-

1 Pa l
m {SB * jL Is(u)duJ

1 N 3 7 \'.
REWE IPRTTNL oy vy
3=0 v ’
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\
Q N n -1
| S = [O‘” ¥ Z Ono+1 ( l'qu )}QAO
1=0 |
3 :
3 i
) i o
v $, (u) 6 . (-u) 7
4 i A Bl . i+1 1
o L) = qAéA(u)]u{a“+ L Gora| 27 (G4 W) JJ
- 1=0
o n. -1
3 . (qé,(0))
= p
B n o ® B g
TR a q J B
R e NIIETY.
1 ( 143) P(45) ®(N, =1]a) P(A) ~
= = - P = P - : = Q
P(N, n|B) m{l N, =0|AB) P(AB N jr @
1 .
5 7 | % P(N, =n|A) P(a) - P(N, =n+1]|A) P(A)
3
- p, P(N, =n|AB) P(AB) I n21
P(N, =n) = 1 B(a) P(N, = 1]A) , n=0
A Py A
- B8 [, = nla) - Bt = el a31
M: Let xA ~ ned(rA) and xB ~ nCd(rB) ? 1;
ai=(1-a)ai, o, =03 ﬁj'(l-ﬁ)ﬁ", B, =0 . i
|
.
i
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ap, (1- OqA)rA + (1 - B)rB
PA) = o7 {
- oq, l- OQA—)rA + (1 - BqB)r13
. _(1-0)1-p)
PUB) = TG R
Example 2: let X, ~ ned(rA) and Xy ~ ned(rB) ,
-0 1

o =Sy 9, =05 8,(-8), B =0 .

+ (1-Bgy)ry
Bp, Py All = exp- <[r + (1- ﬁqB)r ])} -8

-QPA
P(AB) = (1 - ﬂ)ﬁ .
l- BqB

Example 3: Let

X, ~ ned(rA) and

A
O!i=<l+a)<i)a,awso;i=0,1,.“,k,

BJ = (l - B)BJ » Boo =0 .

B PyPpT,
[p,r, + (1- Bay Jr J(1- BqB'f

1
s{le—=—= |1
{ (1+0)k[ '

P(A)

ATy
ry+ (1- qufrB

ci164
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(1”0“1;\ ¥ o_(-s)
P#B) = | T7a 1 - By

Example 4: let X, ~Erlang(2,r,) and  Xp ~ Erlang(2,ry)

o, = -akat, o =05 By = (=), B =0
2
OB PpPy Ty

P(A) = —TTPq

2
(1 - thA)ri - (1- qu)rB + l&:'B(rA+ rB) )

{ [(1- C!qA)ri- (1- BqB)ri]Z + bryro(r, + rB)[(l -ag, )r, + (1-eq 0y

- o

|
a8 * TT-ag, (1.~ Pay)
;"' ) ) , |
EI ’ (1 -a){1-8 Al ¥
i P(AB = - ¢ 3
¥ (aB) (1 -"ag, J(1 - Bag) |
- %
b' g ‘ Example 5: Iet Xy ~ ned(rA) and Xg ~ ned(rB) ’ :.‘
N ‘
o @ = (1 - o)1 - o)’

p = (1- )0 - p)e? i
1N (1-8,)(1-8) (1-0)-a)}  PuBpTy i
1. P(A) = —3 " %q -1, PaTp * PpTr
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) (1-0)(1-a)(r, + pyry) rpp T, B(1-8,)
T or,(1-0q,0+ PpTy YT Bag)lp,r, + rp(l - Bay)]

i . (l-a)(l-a)Lr +r (1-5qB)]]
{1 (I-OqA)+r(1-BqB7 J

Pa qX-l [

P(NA=n|A) = —ﬁm— l_(}w+ (1 - Qw)dn‘\

| . (1-B,)2-8) B( T, )n B(1-8,)p,

| Pdg TAT PpTy 1= Pay
- * ‘
' -\rA+r(l-Bq )
Example £: Let Xy ~ ned(rA) and X ~ ned(rP)

‘ k
i t = 1 k4. 1
¥ i L“-o’ C‘:i.= l+O> (i)o’ 1=0,1,2,...,k, a>¢C

\ : = 0 , i=k+1,k+2,...
.. :
Bw=1’ Bj =o ’ :‘ ’O,l,z,cll

AT
>'U
g
-
A— g—
[u
t
1
~N
ll—'
TN
[
+
o]
o]
s
&
>
N
1
-~
A
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b = o

FD - CRIFT
pA 1 k( rAqA n ( )
(% = = ————— - .
P(X, =nla) o¥m (T Q) e ) I(n,k-n+1 A&G)
B. FIXED AMMUNITION SUPPLY
Lt a =1, G,=0, and © =0 for 1i¥x ,

£,=1, B,=0, and B, =0 for LIE 2

P &A(u) ‘ k7
(Al(u) ol wearar v (19 "AqAA“ [:l - <qA¢A(u))

Pp éB(u)

. ra
CEl(u) = W [l - (qB&’B(u))

k !
PA) = (1 -q)1+qp)

+

) [ et gyt &

2 k 1 du
= - — ¢ - =
g+ gy [ el ) &

= k 1 © () 0 Su

-9 % 371 fU p () Oy () 3
2

P(AR) = qi Q -

The marginal increase AP(A) 4in P(A), by increasing A's

initial fixed supply from 1 <o J, 1is

C167
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= P[NA21+1,AJ-P[NA33+1,A] for a, =1 .

Example 1: let X, ~ ned(r,) and Xy ~ ned(rB)

% =*1,0,=0 and @, =0 for i¥k

i

5 By~1,P,=0 and 53-0 for J ¥t .

R e A altes

P, T q

: A"A A TA

| P(A B ——— l-(————)lk 2

g ( ) pA.rA+pBrB [ \rA+ pBB ( ’ )']

P,r Q. T y)
B B ( B°B
BTt Byry | B ¥ T ) 1.(2, %) ayaf I.(¢, %)
!

T 9 q - i *;ﬂ
: K
q n \I W

ATA n ¢t :

P(N 'nIA) = ( ) I(n, 1)+ q, g, I (2 k) . !
A P(Aj.i\ A+ pB B X ’ A B 2 » ) ;
T N M\ s T |
> ] _ 3 - . [’
Tpt Ty At Tp Tat Ty 7
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Example 2: Let X, ~ ned(rA) and Xy ~ ned(rB)
%=1 0,=0, o =0 for 1 § k
lt’ B“-l) bd-o for 3'1,2,...
9
3
p, r qQr k
i P(A) = A_A 1 - < _A_L)
'} Pp¥p + PpTy PpTp * T
P! P(AB) = 0.
' Now, if P(A)U is the outcome of FD with both XA and XB ned,
. end if P(A) is from Example 2, then
e
. k
S P(A ( 9 k
S TN = ]l = = l - X .
| P(A), (pprg/ry) + 1 )
N
] 1.0 r— —
;J: ’\’\ \ " '
4 NNEN \ 3
0] NN {
$ 0] ;
i 0‘5 k= \ \ \
ENENN |
\\\\ 1
\ s
0 kio !
(o} 0.5 1.0

P N P P RpI
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Example 3: Tet Qp, =1, Q, = 0, 1=1,2,...

B, =0, aj-o, JF 2 end B, =1

p(a) = —ATA _ < T )( % ™p
PpTA * PpTp PpTp * Pply PpATpA * T

P(AR) = 0O

. Now, if P(A)U is the cutcome of FD with both X, AND xB ned,

and if P(A) is from Example 3, then

!
A P(A) _ , ., D&'B 1-7p _
Pldly DA, < PpTp
ey
B\ PpTg

See the following page for plots of P(A)/P(A)U

C. WITHDRAWAL

A draw occurs when either contestant runs out of amrunition (the

unsupplied contestant withdraws). Ammunition a rv.

P(A) %\1 Zoa q:)(\l- Z’a“%)
J=0

@ [ egw et

I‘J
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it
[

L0
Py Ny = % P "o
\\
S~ Y
] P,
)
=0
l
WP s
'\\
\\N
pl
(b)
A 2 L
1
M
. Py
(c)
C171

\\3\\

N
\ \\\}\2

pd
3 /] p V4 A AL
! A 4 4
3 pd \\\P\ e \X\ o \ m
| LesererTT, (22, A
d ” ~ - ~ - - -
o =) —_ =

m_m 3|2 m_m

3 aja ala ata

T e emen 3 z
T I T T e e e orif/ %
gt 4 ol Al st ol TN So ol 4 B B AT DL T n gt wcey o7 X rppense oy 1 ) aaet s S WA DT A&




o N et TR T - T e i Y TN SV A T T T T e T,
cnhalii Kl i d i m. i I W BN '

< FD - CRIFT
.
-
: 1 du
- " Zm fL $pa(-u) o5 () 5
o ®
- L1 - ) e gk [ ol o) &
g (_1 - Z 9 Y )(1 Z Py qB) Y E Jy ar(-w) O ()
. i=1 §=0
#"? f
:r \ 0 0o o0 ot $ k
» 4=0 =0 1=0 J=0
o . ;
VII. WEAPON FAILURE (RELIABILITY) - DEPENDS ON NUMBER OF FIRINGS '

Failures occur only at firings. This may be interpreted as & duel
T with ammunition limitation.

Let K= rv round number on which A has a failure

- o am s Bl

L= rv round number on which B has a fajlure

A. NO WITHDRAWAL

Whenever a contestant discovers a failure, he cannot withdraw and

remains a target.

* 1. Faillures are Detected on Same Round on Which They Occur -

I.E., Weapon Fires and Simultaneously Faiis

Note: This is the same as the FD- CRIFT limited ammunition duel
Al where K=1I and L =g,

2. Fallures are Detzcted on Next Round After Failure Occurs

This is the same as running out of ammunition on the k-1st round "

et o BN e ol i i TN 50l - sScMNANEL et . ] . i R PR
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FD ~ CRIFT

and discovering it at the k-th attempt to fire. Note: This iz the

same 8§ the FD - CRIFT limited ammunition duel, where

K=1I+ 1 and L=J+1 .

B. WITHDRAWAL AFTER FAILURE

1.

2.

Fajlures Are Detected ¢n Same Round on Which They Occur - I.E., Failure
and Detection ‘ere Simuyitaneous (Withdrawal is Immediate and Causes a
Draw)

Note: This is th: same as the FD- CRIFT limited ammunit’m duel,

with withdrawal, where

K=1 and L=J .

Failures Are Dete:ted on Next Round Attempted After Failure Occurs -
At Which Time Withdrawal Occurs (Causes & Draw)

In this case Section Bl above cannot be adapted.

Failure probability s constant on each round

Let N probeoility of a hit
Qps9 = probability of a miss
Upsly = probability of a faillure

then

p1+Qi+ui-1) i-A,B .
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w ¢ (~u)ld (u) = 1)du qp i
P(A)'E%'_ifw : B“ +pB*W2-[m]G

- 0 _

© € ¢ (w) - 1]
. [f B(u + w)[wB w <°A(_u -w) - OA(-w)) dw}du

ap f [OB(w) - 1]
Py Ln® L v

. (_/;J Clu+ w)u‘?A(-'u-w)du )dw

. - ) du
P(a) = 537 fL 6, (-u) € (u) S+

P(aB) = [ew e, JRCCSEROE

P 2T YL Py ami

. %% i [cE(w)' - 1] ( f ©_(u+w) 8, (~u-wau o
PpPg 47 VL v " Yy u

. % f (¢, (w) - 1]( [ 4Gasw) ¢ (cu-wau "
PpPy i Vi v \ JU u )

Example: let X, ~ ned(rA) und X, ~ ned(rE) .

Pp Tp
(pp * wpiry + (pp + uplry

P(A) =

UpTp ¥ UpTp
P@) - (pp + wplry + (pp + uplrg

A S, e o =

C17h4
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b. Failure a rv (function of round number)

let P[K =k+ 1] = o = P[(A's wespor fails to fire on round k + 1)
P[L=¢+1] = B, = P[B's weapon falls to fire on round [+ 1]

where

M~

J%'lﬂz'l'
£=0

k=

Define NA to be the rv, the round number on which A's weapon fails,

then the geometric transform (z-transform) of NA is

Gy (2) = ) e
g
and
Gy [y, (~ul
1 NA AYA qQ
E

[4(w) - 1] Gy lapdg(u + w)]
. _[L - { ju 05 (u + w)[l - BQB%(M‘J .
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FD=- CRIFT

| GN [qA$A('u - w)]
R 0 (u-w)f1 R

e|g

o

 ldglw) - 1]
P(AB) = g3 fL GNA[qAJoA(-u)] dy(u) S 4 hT’:Bp fL 2 ww
B

qu ¢, (-u-w)

Gy _lagdg(u+ w)]
. . 3 (e = w)] &} aw
| { fu Splus vl 2 agPgtu + W) GNA[qAJ’A‘ wewly

{
i
b
[ — - — ————— T ——————t—
Ik i oy, Lagig(-u)] dy(u) B+ — - J,
i = r / o ) GNA[qA$A(u+w)] . ) )
: v . u+w)l 1 - G, [ (cu=-w)] = ' dw .
§ A€ JL u A qA¢A(u + w) i Ny p®g u
; ’j VIII. LIMITED TIME-DURATION
E' A draw occurs if time runs out. ;
ol A. TIME LIMIT A RV o
3
let T, = a time limit rv !
by = pdf of T !
T L ;
o(u) = ef of fo (¢) .
L
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e AT

LRS-

PA) = (e S'“Z' 1) <f Oy (u=-w)e (v)- 1]dw)du

v
Ly - o

I R P T T

0 (u-w) e (v
B, (], e,

s! P(aB) = =5

N @ [0,(-u) - 1] < f‘" Ou ~ w)le,(w) - 1)aw ) du

. w e )
|
o [ (-u) O(u = w) © (W)dw
1
- :T_? . < f )du . Az

Let gA(t) = pdf of TDlA wins,

gAB(t) = pif of TDIAB, (a draw)

WA(u) = cof of g,(t) and Vpplu) = ef of gpt) -
P(s) g, (1) = - Jlj A m[%‘“) ”du; A |
] ;le_i{ I: - OA(w)dwj:{ J/,L o~ dut ':B(u)du } F;L(t) | 1
P) vy ) = 3 [ oA(u-w){f_: S LR ndv} i
) gyt - - ftl;::) J:: e'mt[oAiU)-lldu} j: e-iwt[%‘('W)-l]dwl _ 5
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A&G2

* P(AB) VAB(u) =

P(A) un(A) -u—%—r—l ]: Oin)(°w){[:

FD - CRIFT

fo (t)

S

-dut o (u)du} f o~ vt °B(w)dw 3
i

L]

(w-v)- 1][°B(v) - 1lav y

- re [©
ﬁ? I. O(u.-w)»Jl J-“ A

viv - w) J dw

(¢ (w - v) - 1}[6(v) = 1]av ~
E . dw

T 1" -

v(v - w) J

row (w - v)lo(v) - 1lav ~

o
s
uﬂ2n -

i -

o],

o dw
vivew) J

i -

o(n)(_w)_{ fL
n)(-w){ \‘/"U

du

c178

o(n)(u) - dn og\l)

0(n)(._w)lL j::

O(n)(u) - a° Osuz

w °(w-v ) = 1) e(v)av ~
gz,nzl _ -/,. o(n)( w)Jlf ) o av

n

[OA(W- v)-1] [°B(V) -1ldv N .
viv-w) !

-t

[°A(w -v)-1] °B(v)dv N

viv - w) ;

°A(w - v)[oB(v) - 1ldv

viv - w) J

1

aw

n

- k
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| Example 1: let X, ~ ned(r,), X_ ~ ned(r,) and £, (t) -1 e"‘/1 .
g SXBmple ¢ A A g B T, T

P, T -

A A and p(AB) = 1/ 1 AZ

' P(A) = 1
PATp* Ppfpt 7 PpTpa * Pp¥p *

1
 ~(pprpr pprp* T
e . A&

A I TR e e e g

. /
/ 1
EA(t) = gAB(t) .\ PATA'* pBrB T

B a
Lo Example 2: Let X, ~ Erlang(Z,rA). X ~ Erlang(Z,rB) and f, (t)=2e t/
g : L
b 2 2 4 1/
E ‘ ) . (pArA-pBrB)+ hrB,\rA+ rB/)+1.‘ r, + 2r +-L—-)
- A) = p;r —
& BA r2+ r2+2r +;/r + Ty -h 2l
% PpTp ¥ Pp¥p ATBT T\ Th IE 9l TaTy
(|
|
! 2/ 1 LTRSS T
| PATA\ TAT T )T FR'R GB‘T} Tat Tp? F‘)L‘rpn T 2/
! .1 1
P(AR) = z i pva
' 2, .2 ., . 1/ 1 22
PATAT PpTB T STATRT T AT T T )| = a8 7T
| 2p, r, =[2(r+r W(1/1)]t
! A A M~
‘ P(A) gA(ﬂ = e ACE sinh 2rpvg, ¢

. , o ~
<sinh 2rB~qB t + qB cosh ZrBNqB t)

|
]

5
%

upAri[ (2r +2r(l-*/§)+l](l+~/:;)

P(A) u,(A) =
[ 1 K
1 N qy L_{[Zr + 2r (1- NqB)-# =) - h':AqA }
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(o [2rA+er(1+~/qB)+%](1-~’qB)

_ A&G2 - T 1

| {([er, +2rg(1+Ng, )+ 3] -hrAqA]

L

.

i B, FIXED TIME LIMIT

b

b Let TL =1, a fixed nuxber.

Y i

.

® , .{Tu o €& (u-w)O (v)-21law

b i 1 j (e A Y, 1) f A B )
f A2 PlA - - du
i ( ) ] - u - v

[ fF

- 0 - \4 0

- . . _l_f' (1T _ q) <f plu = v oplwaw ) au

* lnrz -0 u L v

:

bl [°A(-u) - 1) o eiT(u - w)[ﬁ‘B(w) - 1]aw
P(AB)EZ%E*/.«» m (j:a )du

W
- 1™ 0 (-u)du e~ 3V o (w)aw
1 A B
AZ = > =
Y U L w

o &0 (u) - 1)au g

P(A) g,(t) -)?l—i {j:: e~ 1t oA(w)aw}{JJ — J

- -iut (u) du ;
- A&G2 = 12 Jl f vt o (w)de{f }, t<T o
g br i -

v

" “ o - v) - 1)eM- 1)av
R OTANIEFL S IS w{f L } o

- [°()1]d w eI p (L) 1]aw S
gty Mg { [ TSI [

-

BN Gt B e e § e A e A i e 2R

i
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g ont e e L e S i 2 e £

- e e ey A TR T TR TS
L
.o 5

P2) vy () = Ly f: °1(“'”)1{ [.2

P W) = = [ o] [
) szl Tk J:: 0§“)(-w){ fu

¢{)y) -
i
'f;lz ] e-iw{fu
e-iwr‘{ fL

Let g(t) = paf of T,

FD - CRIFT

then

°(u)du 1{f i“:(w)dw}’ ‘<t hac

[0p(w = v) = 1](€(v) - 1]dv]

viv - ﬂ j *
[og(v = v) - 1)} < 1lav 5
viv-w) J dw
o (v - v)le VT 1)av
B 1
viv-w) J aw
a" ¢, (u)
clun
[¢,(w = v) « 1][€,(v) - 1]av
viv = w) J dw
OA(‘" - v)[°B(v) - lldel ;
viv-w) i w
[°A(w -v)-1] °B(v)dv > .
V(V-ﬂ J W .
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8(t) = g (t) P(A) + gy(t) B(B) + g,,(t) P(aB)

(o] [o] [ [od .
i = n,(t) H (t) Fr (¢) + ho(t) H (t) FS (¢) + ¢ ¢ c
| Alt) Hy T, hy{t) Hy T, T,(t) Hy(t) Hi(t)
i
where
|l Tr (t) = 1, t<t ,
L L
S A& G -0, t>T .
o :
N
< |
" E Example 1: Let XA ~ ned(rA) and XB ~ ned(rB) .
|
‘; p,.r (P, r +p.r. )T
| Pa) = —BA o O
. PaATA ¥ PpTy
- (pprgtpyry )T
3 AZ P(AB) = e .
a8 =(pyrptppry )t
AN (+) (ppry + pgrye
i g, (% = - ’ cC<t<n
_ A (pArA+pBrB7T
l-e
- 0 t>T
3
A&GR Byp(t) = 8t - 1) .
| Example 2: Let X, ~ Erlang(Z,rA) and X ~ Erla.ng(Z,rB) .
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o

[-27( )]
2(A) = P(A)f[l L (sinh a+~r_ coshO)(sinh B+Jg cosh ts):,

PpT, pBr:B exp[-«Z'r(rA + rB)]

F(a,s)
99 [(PA‘” “ PpT B) * braro(r, + rp)(pyry + Pprp)]

where

F(a,g) = (pArA pBr - Zrz + Zr ) sinh a sinh B

+ 24

9Ty (rA + rB) sinh a cosh £

-2 J;Arﬁ. (Jz-A + rB) cosh O sinh B

’

for

Q=21 r

Vo ent ot dT

B "B

and

v 2[ (pA'A ppre) + brg(r, + r.) ‘l
(A = r -
f (PA

PpTp 2
Tp = Py B) *+ brpry(r, + r13)(1’,6\’”.4 *+ ppry)_

expl-27(r, + 1))

P(AB) = T B [sinh Q4+ *G; cosh CZH}inh B+ 'vrc-l;; cosh .‘3] £

q,
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2p,r -(2(r,+r; )]t
AT A A'B Ja
p(A) gy(t) = = e sinh 2r, Vq,
9495

't(sinthBG;t+“ﬁq;cosh2rBJth), 0<t<T

- 0 » otherwise

P PpT, | 1- (1+ Zozl'r)exp (-Zal'r) 1-(1+ Zaz'r)exp (-202")

( . A) = - + e
P ul( 8 ¥q ay (I-G;)Oli (l+\/';;)022

A

1~ (1+ 2051) exp (-20:31) 1- (1+207) exp (-20y7)

SRV SR SRS M

T g T (eg K

4

where

o, = rA(1+J;‘;)+rB(l-J;;) ’

q, = rA(1+~/cTA)+rB(1+J;;) ,
(o -rA(l-ﬁ)"'rB(l'J‘-l;))

3
o, = rA(l-NFA)»r rB(1+~/q—B) .

Ex&mplg_é :

(a) Let P(A)U-autcome of FD with X, ~ned(rA), XB~ned(rB)
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| P(A) = outcome of Example 1, T, & rv, above,
SRR
o then
] P(A) T(pyry* Ppp) (
y ! = see dotted curve below)
. PlAly  Tlpprg + ppry)+ 1
F“ !
' (b) Llet P(A)U be as (a) above
. i P(A) = outcome of Example 1 above where T, is a constant, T
f o then
: |
o
8 p(A) = (pprp+pyrp )T
] 530 l1-e (see s0lid curve below)
g
|
!g | 'oo
' ‘ o.e / - a— e=
A / |- - )
‘ : 016 j’
LT / e FIXED TIME-LIMIT
M P(A) / — = — RANDOM TIME-LIMIT
el 0.4 s
i P(A),, /, \
v}
i o) 10 20 30 ¢0 50 60 70 80 90 100
, : T (P‘r‘-i- P.fa)
. 1’
4
T
.} g » The Effect of Time-Limitation on the Outcowe of a
g g;;{ Random Firing-Time Duel
h
g
" - C185
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IX. TIME-RELIABILITY OF WEAPONS

This may also be interpreted as the duel with time-)imitation where

each side has a different limitation. XA and XB are rv's, and

N Tys = v reliability time for A, i.e., time-to-failure (time 1imit)
e
) hm(t) = pdf of T, Similarly for B.

.

?g OA(u) = cf of hLA(t)

i f

is A. NO WITHDRAWAL
Sobt

;% When a contestant's weapon fails, he cannot withdraw and remains a

(

P targe+.

[
' z 0 - - d - N » - Yoy N
l ‘5 pa) = ol fw y(~u)le, (u)-1] Lo @ O (ew) (5 () = 1w
! ami s u 'i ami J_ 4 W s
; " e .
"’ + 1 j .l / fw OB(. u V)[GB(V) l]dV o1 )
?‘( 8'”5 i o U \ Ll v 4
%’ | /[ ¢ (u - w)o,(vw) ~ 1law
((,1’ ' . ! f o )é\u

|
P(A) 1 - =
iri L u 27l Jp W

¢ (-u - Vvj Q_(Vv)ay
1 1 B B
+8n51fu“<‘/L v )
r 0 (u-w)o,(w)w
A A
] < L w ) du

€186

G

T TR T " ’
by 6rsn tiy ot TSR i ST S AR AV R e (e T




s i R et = Sk L I S B AR LA o
VYR T T T T R Y i

FD « CRIFT

P(AB) = - 12 f" 0, (<u)(¢,(u) - 1]eu f« QB(-w)[OB(w) - 1law

- 0 u - % w
1 -u) ¢ (u)du [ (-w) [ (w)dw T1,
P(AB) » « =5 f J - . A€
1Y) L L
Example: Let X, =~ ned(rA) and  Xp ~ ned(rB)
7. «~ ned(A,) and T, ~ ned(A.) .
L, A Ly N
P(A) Pra ARz + Ay + ppry ¢ A) + ppr(pyry + 3y )]
A = '
(pﬁ‘rA + XA)(p.BrB +WB)(pArA + Pgry + ‘AA)\BI
P(AB) = == +1)\’)‘?E — T
Parp * Mgty + Ay
B. WITHDRAWAL
1. When & Contestant’s Weapon Falls He Immeciiately Withdrews ;
and the Duel Ends in & Draw a
This duel is jdentical with the limited~-time duel, where :
e .. c
nL(t) = hm(t) }Iw(t) + hLB(t) Hm(t) . T1

[e,(v) - 1]

FA) - enjif.. ~

_ [f.,. (o5 <w - v) - 1) ( Jf» ¢, u)["’Biu_-‘I’w) . 1]du)dw] N

o s e i B T i 5 L T s ity M Wit WO S0 v o ot A i rmsla LA
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P(A) = -

Q,(wv)
1 A
= ),

8r4

{4

P(AB) = -

P(AB) = -

0

© [¢ (v) -1]
1 B
i

© [€ (v) = 1]
1 B
_3:[“ "

1
81r3| i

(4

O (w = v) ¢ (~v) ¢ (u - w)du
B A B
W e v <fL u=w )dw] dV

© [°A(w - v) - 1]

JEn

) u-=-w

© @, (~u){o (u - w) - 1]
- <J[ al-u/ieglu = w du)dw}dv

[°A(W - v)-1] © @ (-u){0,(u - w) - 1ldu
([ A
f 65 (v)
L v

¢ (wev) 0,(=u) o (u-w)+ & (-u) 0, (u-w)du
A

u-w

X, ~ ned(rA) and X, ~ ned(rB)

Tia ~ ned(%A) and TLB ~ ned(7\B) .
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FD - CRIFT

(A) pA A
P -
PArA + )\A + pBrB +7\B
A+ RB
A
P(AB) = . =
PaTat Mt Pty t A

2. When a Contestant's Weapon Fails He Withdraws When He Next
Tries to Fire and Discovers a Failure

P(A) = - __—K f {f N’B(“) 1]< f- ) (v +u-p)[OB~p) - 1]do)

. —— [OA(-v-u-w) - OA(-u - w):' dw )du} dv

@ [dy(~u) - 1] « & (u-w)e,(w)-21law
1 A A
+ ;— - u (f w )du .

P(A)" 16Tr f *{f W(u)-l](fo("*u-o)O(o)do)

¢ (-v-u-o)6,(w (~u)
‘<j;‘Av“w Aww)du}dv-r—lé- i’i_u_

yne Jy W
J“ °A(u -w) OA(w)dw d
L v ) !
P(AB) =1 - P(A) - P(B) . _ 1};16,
Example: et X, ~ ned(rA) and X, ~ ned(rB) ,
Tpp ~ ned(?\A) and T, o~ ned(RB) .
) PpTa(PpTy + N+ T+ )
PA) = (pprp + A+ wpdlppry + 8+ ppry + N) b
€189
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?\A(‘AB + 1y )(pyr, + ¢ rB) + XB()\A + x-B)(pBrIa * g+ rA)
(pprp + Ay + rpllppgrg + Ag+ 1, Jppry + Ay + pprp + M)

P(AB) =

X. LIMITED-TIME~DURATION AND LIMITED-AMMUNITION SUPPLY

Let X, ~ ned(rA) and X ~ ned(rB)

T. ~ ned(1/t)

L
where A has k rounds initially and B has £ rounds initially. Let

S*rA*’I‘B*%'m; Sl-r3+%-iu; and Sz-rA+%--iu .
p.r
P(A) = ( A A T )
S OPATA Y Pt T
q,r k
: 1-( AZA )I (x, 2)

1
Ppfpt TAt T <PB"B* Ty + (3/7)
T, + rg+ /1) )
s PuT g.r 2
T B'E
+ T 7)1 (2,k)
CRATA Y RN DTyt xpt T <PA"A+ rg + (1/7)

T, + Ty 4 (1/t)

PAT

qQ,r k
A ATA 2
1‘< 1) qp I (£,x)
PATa* T S Tpt T ( B )
Tyt rpt 1/7) )

1 .
P(AB) ,< 1 1){:1+( pArAl)(p qQp o ;)k .
B

“PTpt T Tt At T
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pyrytppryr (/1) (od) +<
\ Tptrgt (1/7)

Pp Ty (BB 2
1 1)
pArA+T \pAA+ I‘ + =

LN

o
I,T qr k
ATa % /1 QT
. I (£,x) | + I (2,x)
PpT P (1/1) MO 1 ) !
< ArA+rB+:?1/’r; ) ?\ % ( + rfil?"})
B AR A
Pyt qk /9T 2
B'5 % B'E
: 1 l,) I r (i 2)
| PpTpt T Tt T /" A(77)
- +r+ l/7
_ B
S
| I p, r .
| qr k
o P(2) v, (u) = - 1-( A — )1 s, ()
| PpTp* Pprpt - du Tt Pprp+ - du \/p);,g__l/‘
|
i
', P q.r 2 I
- . BB 4 B'B I (1)
| r, + 204y \ + 1 PpTA*S ’
; PATA Y 3= du vppry 4 rp+ 2 - 4u AA 1 ’
; s )/
i
!

S

I (£,x)
Brat it % ’

i (rp/s)

] 2 Pyr q,r
! P(A-B)WAB(U)=QB<pr '-:‘_ iu)( AA I(r /S)(lk>
ATA -

Ao

k PpTp = 1u Qry 2
¥ qA( 1 )( 3 ") I(y /s)(k, L)+
PgTp * ¥ - du 1 A
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: P, T q,r k
+< 1/t - ) 1+< ﬁA )( AAl )
Ppr,t PpTpt T - 1u +I-1u PpFpg*+ Ty + 7 = 1

PpTy At T

Mo an s
[

I (k.z)+ )
PpT +Por+(1/7)=4u ( 1 )( 1.
<AA B B - ) pAA"' iu PpTp + Tt F-du

i ﬁ/ Pprpt Pyt (1/7)-1u (£,k) I'

IR TR T T RS T

. \ S

F»\». :

t ! Special Case: B has unlimited ammunition.

f~ Py Ty qp Ty k

o P(A) = 1 - )

-' DpTp + Pprp * -1' P.T, + T, + 1,

A*A T PpTp BB AT T

1/t PA A qA Iata k
Bh3(5) P(AB) = 1 1+ < 1 ) .

PpTp * Ppfp * 7 At T

XI. INTERRUPTED FIRING

{ A. FINING WITH WEAPONS WHICH FAIL AND CAN BE REPATRED (REPLACED)

L et b+ e oo e e

Each contestant fires until he hits or his weapon fails. When a

weapun fails 1t is repaired (replaced) and firing resumes. Time-to-

failure is wn independent rv and time-to-repair (replace) is an -

independent rv. When his weapon falls, the contestant is still

at Tt e o
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vulnerable. The process continues to a kill.

1. Fixed Amunition=-Limitstion

k rounds for A and Z rounds for B

A is T, ~ ned(rm)

)

rv time-to-failure for

B i T ~ ned(r

1B LB

rv  time-to-repair(replace) for 4{

. (a) = PA(rLA - iu) ¢lu + irp,)

FD «~ CRIFT

A is Ty, with cf °F:A(“)

B is Ty, with cf OEB(u)

A

g .. [ (rp, = du) ¢, (u+ ir;,)a,
Irm

X
ep(w) + gy

.1 ) Qu, f, _
P(A) = z= h/‘LoAl( u)°Bl(u) 2 9pll - q,)

a. A has unlimited ammunition (k — =)

B has a fixed supply of ¢ rounds
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(rm - fu)[1 - qA¢A(u + ‘irmﬂ - rLATl - ¢A(u + irIﬂOaA(E)
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k
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o Then
.
.
Lo - L j ) e (o, o
. PA) = gm0 g
L
t. i
; ‘ and
t .
ool
E L p(AR) = O.
bl Example 1! Both sides have unlimited ammunition. Let
bl
l{ ' X, ~ ned(r,) and Xg ~ ned(rg)
1 - i) Ty o weleg)
E\A‘ i t * s
al
P() = ==
Y CA
g =
l [ realegry * gt Tip)(rgy Tyt BTt gt Tip * PyTp) |
»I - . - i
) | + (pyrpres - Porprep)vgs + Ppty) B :
* 2 A
: - - - - - ’ - - - * y
' [(pyraren = Perprep) * (PaTa* Ten Tpn) (P *ap* rip) (Byrargy - Prprey) -g
. 2 2 ’;
i * PpraTea(Pprp * Tep ¥ Trp) * PpTpraR(PTy * Taa + Typ) _ i
-
Example 2: B is failure-'ree (no failures). Both sides have unlimited .‘ :
, . % ~ . ~ . ~ ‘*’ . :
ammunition. Let X, ned(rA), Xg ned(rB), Tz, nef’\rEA) ?
) PaTalTa + Pyrp) i
P(A) = , |
2 i
(pprp )™ + pyrlppry + vgy * 1) + pyryra, 1
{
;
1
§
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2. Ammunition Limitation is a RV
o0
. A: P[I‘i]-ai; 1£O (Ii = ]
: For .
| B: PlJ = 3] £ p 1
. J ﬂd H Jﬂ 3
b % ( ) pA(rLA - 111) bA(u + i!‘LA)
& u = o - - - gV
P A (rpy ~ Wl - qué tus drp ) - r 11 -9, (u+ ir , )leg, (v
w0 ; {l Zl o (rm iu) ¢(u + irLA)qA . ‘+ ZJQ qi
N i GLA' iu)-rL;[l-ch(u+ irm)‘joaAﬁ) J . i A
Lo 1=0 i=0
ey
E L 2
. Al i7A
R i=0
ad =
S - du J - L 1
Ph) = g fL $pa(-u) plu) T+ L Ps % < 2 % g )
J=0 i=0
o0 00
P(AB) = Z o qi Z g q:j . ‘ Bh3( L)
i*A J "B 1
1=0 =0 _
A
B. BOTH SIDES OUT OF CONTACT PERIODICALLY
E
1. Three-State System 4
b
k
Let X, ~ ned(rA) and X ~ ned(rB). The system cycles through three ;
states repeatedly, until a kill occurs. States are: :
i
(1) Ccmbat (Contect), € , i
4
(2) No Contact, GC , ;
(3) searching, = . é
3
N
. !
C195 é
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Time is zero at beginning of first contact. All three states are

randomly time-limited with continuous rv's, as follows:

XC -rv time
Xa - rv time

X o rv time

of pdf
T, - rv time
Té - rv time
T = rv time

Yg = Tv time

OC(u) -cf of DF of T
Ga(u) - cf of DF of Tsx

Os(u) «-cf of DF of T

length of contact ~ ned(rc)
length of no contact - ned(ra)

length of searching ~ general rv with cf
as $s(u)

since start, in contact, no hit
since start, not in contact, no hit
since start, searching, no hit

since last search started Iin search state

vs(u,ys) - cf of joint DF of T  and pdf of y_

and where the superscripts k,Z refer to k rounds fired by A and

Z rou.is fired by B,

Let Cl(u) - (rC *ry Ty - iu)

up to time ¢.

Cz(u) = Cl(u)(ra - {u) - Xz és(u) .
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OC = (ra = 1\1)(01(“7 - rAqA - quB) - rcrc ¢8(U)
r ra

Vs(u,O) ;E—:Tu' OC(\:)

T *
Ga(u) = ﬁ Oc(u)

r.rz r l - &’s(u)
o) = g [ —— ] i

fuy -/, (€)ag

Ws<u, ys) = Vs(oyu)e

PTa
T

—~
[ =1

~
i

O (u)

(@ = ZEs ()

iu

kt 41 k L
ek"(u) ) < k+ £ > (ra - 4u) (qArA) (qBrB)
c " Cz(u)k+£+l
K2(4) = \/k+ z) e (r" - ) (qpr )* (qﬁr )t
¢ Nk Cz(u)k+bl

k+ 2 k I
ok't(u) i (k + 1) rcra[l - $s(u)](ra - 4u) (qArA) (qBrB)
8 Nk -:l'.tlcz(\l)]mh1
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k+ 2 k-1 2
X, £ k+ £+ 1 pArA(rﬁ - iu) (qu‘A) (QB!‘B)
¥ (u) = ) )
k -1 - 1u(C, (u)]
ket £ k 2=-1
K, 2 k+ £=1  pprplrg = )" 7 (qur,)" (agry)
Vg (u) = ) — Wi
L-1 - 1u(C, (u)]
Example: Let X  ~ ned(rs)
k+ L=m Cxﬂt
c (t) - t e
3 (k+ 2-m)(m=~1)%
‘ (rC - :Lu)(:r-s - iu) ket £
CLKU) =
t=1, t#n
vhere G is the n-th root of Cs(u), n=1,2,3 and

Cs(u) = i.u3 - u2 (rA+ rpt Tot rat rs)

. iu[r‘ré+ (r§+ rs)(rA+ rp+ rs)] + rers(rA + rB)

ka1l D £ 1C5(¢)]
}. CEWESWED) Cé(an) , where

m=l n=1
m-1 k+ 2 (rq)k(rq)zc(u)
a ( A%A BB L
m-1 3
du £ (rc - :Lu)(rs - 1u) n (u-cxg)
£=1, tfn u=o
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5 KL k*'il 2 £(Cy())
3 e 10 ® ) T Ol s where
o m=l n=l
o me1 (r,q, ) (roq)?
Lo c(o) = S ke 2y FolTa%)” (rgap)” (ry - 1) €, (w)
7 n dum'l < ) 3
;i""l l n (u - at)
=L, o
K,
g K2,y . i b(ey ()
_; E ' Fs (t = - (k + i.4. 1 -m) 08 (On) » where
S m=l n=l
o ml [ ke £ roralr,a)f (re)f ¢ )
o , d 4 eFe'\ra8y/ \Tpdp’ bW
P CE*(C ) = {
L .; “*'n dum-l \ ’ 3
s =1, §)‘n - = ¢
A ket 3 K+ 241
o K, £ : -
ol g, (t) = Z Co(t) (0 )+ (1)1 |
Y : ' o 5 9 n /
i !‘ m=l n=l kw1l
( )t ( k+ 2
) (a.r, YL agrg)” (rpry)
1583
me1 k+ £ -1
d J K
Cola ) = [( )pr(.r>1&-l . ]
9" n a1 K -1 ATANATA (qgrg)” €, (u) - ‘
k S k 2 1l V“
s 4 = ! k+’£ Lt . 4
g5 4s) ), 58 eygla) + (T )
m=1 n=1 k-1 L
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( ) (quB)l-l (rﬁrs)k"l h
p.r.(r.q ’ ere
B B\FA%A Ny
(01"2"‘3)
m-l | ,k+ 2.1
d k 21
Ga & S1 Clo(On) = =T < )pBrB(rAqA) (quB) Ch(u) .
du k-1 u=a

2. Four-State System

Let X, ~ ned(rA), Xg ~ ned(rB). The system cycles through four states

repeatedly until a kill occurs. Tue stutes are:

(1) combat (contact), C
(2) No contact, C
(3) Searching, s

() Reclosing for combat, r .

Time is zero at the beginning of the first contact (ccubat); all four

states are randomly limited with continuous rv's defined as follows:

ta
)

o - general rv with cf of pdf, $C(u)

>4
0
1

w = general rv with cf of pdf, &e(u)

X, - general rv with of of pdf, &B(u)
X, - general rv with cf of pdf, &r(u)

and where

TC - time-since-start to beginning of last contact {combat) period,

or last unsuccessful round fired
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t
[ ]

z time-since~start to beginning of last no-contact period

S
% X Ts = time-since-start to beginning of last search period
l»i,' ’ ‘.
% e T, - time-since start to beginning of last reclosing period i
o i
L T, = time-to-kill by A
- 3
o TB - time-to-kill by B s
ﬁf z,w =~ transform variables for two-varieble geometric transforms (gt) .
? ; let §=¢, C, 8 or r
X V(2w ¥,) = aw gt of ¥,(uy,) which is the of of the joint g
ol kK
LE‘} i DF of T, and the PAf of y, (time-since event !
‘(‘1. i \ l!‘ .
" i last occurred) by
\[:El" .‘ R
| !
_J ? Wj(z,w,u) w 2w gt of Wj(u) where 3
YO 4
A 3
A A
Kgﬁ %.t Wc(u) = ef of P[TC < t, time«to-next event (a firing by 4, ¢ b
ﬁﬁ\~ k firing by B, or ond of end contect) > t) 4
Mv \ y
A 1\ \!
\P: | Wé(“) « cf of P[Ta < t, time-to-end of ne contrct period > +] A
W !
i [ ws(u) = of of P[Ts < t, time-to-end of search period > t] \
1l \
- @
:¢i R wr(u) = cf of P[Tr < t, time-towend of wveclosing pariud > t) é
!',: -. A
\ i i
§“ 5 WA(z,w,u) =zw gt of WA(u) vhich s the cf of )
B f .
o a
i Plt < T, < t+ dt | kill by Al \
\.‘ (\'1 : ."\
o !
“:, , wB(z,w,u) = 2w gt of wB(u) which is the cf of ‘9‘

\
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Plt <Tp <t+ at | k111 vy B)

Oc(z,w,u) = yw gt of Oc(u) which is the e¢f of
Pt <T,<t+ atl .
let Cl =T, + rB = T2 - quBz

Cou) =1 - $C(u + 10,) &r(u) %(u) $s(u)

1 - C,(u)

;
: - Oglzwn) = —y

7€ 5 (e)at
vy -C.y~ = AR
C C 0 C
volzpwu,ye) = [Uyg) + 9y(z,w,u)le .

Y
tuyg - [0 Mle)at

Ve

C(z,w,u,ya) = [1+ Oc(z,w,u)] $C(u+ iCl)e

y
tuy, - [,° A (8)ag
Vlmimy,) = (14 6(zomu)] dlu+ 10)) dglude & O 8

Yy
¢.(z,w,u) tuy - for ?\r(é)dﬁ

‘#‘r(z,w,u,yr) ol S O

r

(1 - &C(u+ ic,))
V. (2,wu) =
¢ CzTu)(Cl - iu)

st e DR e B RN i TN

b (u + ic, ) (dz(u) - 1)
o) = T TR

P R~ -

éc(u + :LCl) $a(u) ($s(u) ] 1)

u‘ v (z,wu) = & T . o i
- 4
. oo
2.

P

i
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bolu+ 1C,) dx(u) & (u) (& (u) - 1)
v (zew) = = %z(t%“ ARl S

S pyrpzléo(u+ 1)) - 1)
P PA) Wlawn) = SenymTe)

Pprgeld(u+ 1¢,) - 1]

P(e) WB(z,w,u) = C, (u)(1u -fEiT

[ s

Ba) = B(A)v,(1,1,0) = —A

PpTp * PpTp *
N.B.:

(1) To get any v(u,y), Vv{u) or elu), let z=1, w=1l,
(2) If the cf's above are differentiated k times, with respect

to 2 and £ times with respect to w, and then set z =w =0,

one obtains v ’(u,y,\ or ey or M"k’l(u), which are the

ef's of the probability functions defined earlier with exactly

Kk and £ rounds fired. ons

3. Four-State System with Limited Ammunition

Let XA ~ ned(rA), XB ~ ned(rB) with the system cycles the same as

BTN PR

in Section 2 above, except limited ammunition and XC ~ ned(rc),

xa ~ned(r-é), with A allowed K rounds and B, L rounds. The

-

superscripts k,f denote k rounds fired by A and £ rounds fired
by B.

ek e
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, Cl-(rA+r+r-iu)

B C
- iu)

o
n

(rg + g

3 (rA+ ro - iu)

(@]
"

1 O = (rg - tu)

: Cg [Cl(rf: - iu) - roTrE $8(u) $r(u)]-l

; : Cg = [Cz(ra - {u) = r Tz $s(u) &r(u)]-l

(9]
| ]

7 . [03(r5 - iu) - roTE bs(u) J>r(u)]'l

(@]
o]
1

= [Ch<r6 iu) - roTy tbs(u) tbr(u)]-l

2 1<k <K

%}é’l(u) =(

N

+ k
(a7, & (ar)? [(rn = tu)c ) #1
! ) ATAT BB ¢ > "1<1<t

e

K, 2 ) ) K 2 WALEES! Ked fagt
Vo' (u) = (rz = 1u) CRN (qBr]3 }_ < J )CS J 06'3 1
4=0

Y

for 1< 4<L-1

: k
kK, Loy o R 25 5 k L ra-1 . wy xege
. Vo' (u) = (rg - 1u) (qury )" (aprg) JZ."0< J )CS J ¢z * 3

for 1<k<K-1

L N

o,L I+
Vo' (u) = (ra - )t (qBrB)L Cq Cs

)K

K
C6 C5

\Pg’o(u) = (rc - 1)F? (qArA
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)k ck"l

*:’o(u) = (rg - tu)? (q,r, , 0<k<K

wg"(u) - (qBrB)‘ [(rg - m)c,j]‘*l , 0<£<L

P(a8) V5P (u) = (rg - 1)®E (q,r, 0¥ (gt

K=1
L+i-2, - C.\d K+ d=1,,C.
L X Z < “s\* L< < e ¥
C C. C - *
71-0 i )<C7>+ 576 J ) C6)j )
Wg’o(u) = (ra- :hx)C5

Wg’l(u)

ys
tuy - [y A (8)ag

k
Ws’l(u,ya) = _C—C—%I Vo' ‘(u)e

k, 2 - Te TE ¢ (u) k, 2 r
Vg’ (u) re - iu )W * ) \ 8ll k,! except r

C205

k=K and £=L ¥

r - Iy ey (£)at
V];’ l(u:b’r) = ';_C-q—— $ (u) Wk'z(u)e j
() - ‘.-j
ote) = 2L 4 )C )wk’ (u) ;?
- ;
|
P(A)k’j Wk, l(u) - k-1, 2 }
. A tala WC » k>1, all ¢ 3
€1
P(B)V7 ¥' "(w) = pgrp v? (), 221, e coi1 ‘3
~ K L 1
P(AB) q 94 i
3

—_— e e B———— it 4= e s e
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DISPLACEMENT (SUPPRESSION)

On both sides, on each round fired, either a total miss or a near-
miss occurs. A near-miss either causes a displacement or a& kill.
During a displacement, a contestant is under fire and cannot return

fire., let

X, ~ ned(rA) and Xg ~ ned(rB)

Té = rv time for A +to displace and resume firing.
A

Similarly for B.

T

a, ~ ned(1/8,)  and ’I’dB ~ ned(l/&B)

k., = P[{A kills | near miss by A); Similarly for B

A

op = P(A scores & near miss); Similarly for B .

kyoarp (1 + 0yr, 8 )(1 + kyaprt, )

Plal = k0, a (T4 0,7, B T 11+ Kyopry 8y ) + ko pUL+ aprp8y /(14 k0,7, 8y

TIME-COF-FLIGHT INCLUDED

Let TF - rv, 1i's time-of-flight 7

i

TKi -rv, i's time-to~fire killing round
T, «rv, 1i's time-to-hit

i
Y - ]
$Fi(u) cf of i's pdf of Ty,

- ]
OKi(u) et of 1i's pdf of Ty,

01(u) -cf of 1i's pefof T,

C206

ol

N T P el A R e R s _

s

ke,




-
&
-
;
&
o
v
:

.
i,
ks
-
"
i
f.
o

rs el

TSR T

A.

1.

- il il A s AL B W R AT AR AR T
FD « CRIFT

NG-DELAY DUEL
Each contestant fires as rapidly as possible (no waiting for round
in air to land).
1 ]
TFA’TFB rv:
P, ¢, (u)
it . .
Py (W) W 3 9, (u) = Oy (u) ﬁi(u) ; 1 =A,B
1 1 ® a
\ = = - Su
P(A) 5 * 5 (p) j:w ‘DA( u) OKB(u) 3
1 . du
= fL € () € (u) ®
bl ) 3 du
= 1 + 5 “/;I °A\-u) "m(u) Y
-l [T e du
P(AB) 577 (P) J [0y, (~u) ¢ (u) - 0 (u) 0, (~u)] .
1 f (e ( ) du
T -u O(u)-o (u)°(-u)]"-
emi LorU KA B KB A u
Example: Let X, ~ ned(rA) and Xy ~ ned(rB)
Tgn ~ ned(1/7,)  ana Teg ~ ned(1/1})
P, T
P(A)=1+Tl r < rA-O-Ar )
APR"R PpTp + PpTy

Bt A T T A AT e e




AN pBrB['rB(J. + T, pArA) + -rA(]. + T pBrB)]

P(a2) Ty S T R Tpr,  ppry)

A? TFB-‘rD TOF's TA’TB Constunts

1. 1 ® =it du
P(A) - z + ',.‘-:-7-'-_-'* (P) f e QKA(-\;) Olm(u) -‘—1-
[ ]
it
1 A du
= “/L e ok‘A('“) °m(u) =

' iTu =it Y
= 1 V I B - A du B
P(AB, T (P) J . O.KA("“) "m(u) [e e _-J! o

it.a
T B du

. =-1T,u
A du
-y ./L e tp(-u) &, (u) u

Example: Let X, ~ 'ned(rA) and Xy ~ ned(rB).

P(a) = DpTy " [-pyry 7,1
PpTp * PpTp
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P, 7, (1 - exp [- perTA]) + pBrB(l - exp [~ pArApg)
PpTp * PpTp '

P(AB) =

BT R O R RO E R O A R

B. DUEL WITH DELAY

i it e e me e s

Each contestant waits until his last round fired has landed before

>

S he prepares and fires his next round. The geaeral sclutions are the

raue as for the no delay case (Secticn A, ubove), except:

e e, e

pA¢A(u) pBéB(u)

EERAY bpp (0) snd OKB(u) T T Qg (u) bpplu)

o } : OKA(“)

NI

Example 1: Let X, ~ ned(rA) and Xy ~ ned(rB)

é Tep ~ ned(l/TA) and  Tpp ~ ned(l/TB) .

2 7
T -
URFUIRTES S

- (gt Ty ¢ Ty T, T) (pprgTp - 1 - T5Ts!]

P(a) = = 5 =
[ (ppryTy = ppTpTa )+ (1 TpTATg Tt TETaTs)

. ( (
[pATp (1 + rptp) + Pprp(l + 1,7, )]

,w Example 2: Llet X, ~ ned(rA) and Xy ~ ned(rB)

Toy = Ty (fixed) and Tpg = O

P(A) = PaTa e*P [-ppryT,)

rA(l - q, exp<T;pPrBTA]) + PpYy
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P, T (1 - exp [-pBrB‘rA])

P(AB)
rA(l - QA exp ["PBrBTA]) + pBrB

C. A MIXED PROCEDURE

Let T

TFA *Tps Tpg= TB; xA,xB are rv's, vhere A wuses the

delay procedure and B uses the no-delay procedure.

Bpéy (u) %
1l- qth(u) exp [HA uj

OKA(U)

pBbB(u)

opv) = 1= CRNCY)

P(B), P(AB) have essential singularities.

-iT
P(A) = %f:‘ e Ao () 0 ) &

Example: Let X, ~ ned(rA) and  Xj ~ ned(rB) .

-pr‘t
pArAe BB A
M) = =

B'B

a-gge TE R g g

D. SPECTIAL CASE WHERE TIME~OF FLIGHT VARIES LINEARLY WITH TIME

This is a NO-DELAY PROCEDURE, where XA,XB are rv's and T

FA?
are linearly varying (see Figure beluww for Tpp = Ta) deterministic

Ten
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variebles. A similar situation for TFB obtains.
Linearly Increasing Time-of-Flight
o
Ta |
|
| a,b,m are
| a arbitrary constants
¥ !
b i
KX l | )
a-b
™ Tka
1 [ -iau du
Pa) = by [ e g () o) - 3 &
A f~ (exp [-1 (222 Ju) - 1)
: ar -+ ——
L b Ve w u

w [& (W)"ll 4
. < [w—xg;r—{e'ibw Opplu- (14 o)w) - e” 8% bn(u-w)}dw du

P(B) is obtained by interchanging 5 and A and replacing a,b,m by say, c,d,n.
Exsmple: Let X, ~ ned(rA) and X, = xied(rB) .

P(A) = p,r, exp {-bpyr;] {exp [.( a = b )[PA"A + (1+ m)pBr];l]

A A3 ( . ) } .
- PpTp * Pplp P,r, + (1+ mJpgTy DT, * 1+ mipry

T ST X T TR SO
r— O L e i S e e T i

i o S AT

% e, RN

e e e e
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Letting a =@ =,

p,T, xp [- b pprp]
Ppra *t (14 mipgry

P(A)

2. Linearly Decreasing Time-of-Flight

A

1_ ]
l

N
a-b ?
—~— Tka
Irem Section 1. above, P(A) also applies to this case. Just replace m

by -m. The constant a must bc + or zero.

Example: Let X, ~ ned(rA), Xg ~ ned(rB), and a = O,

PA) = P,T, exp [-prrB]{exp [— <£) [pArA + (1 - m)pBrB]]

1 1 *
J

1 1 )
. - +
< PATp * PpTp  PpTp * (1 - mipgry Pprp *+ (1 = mippry

et - ,___ ‘
e e e L e 3 T e
s s SR Ve i . .

RS
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LIMITED-AMMUNTITION, RANDOM INDEPENDENT AMMUNITION RESUPPLY

Delay Procadure (IFT and TOF Alternate)

let k%, - A and B's initial ammunition supply (fixed)

k,2 -« A and B's ammnition replenishment supply
(fixed and same for each resupply).
Replenishments arrive randomly and independently of the firing process.

Resupply inter-arrival times, T,.,T. , are ned(rWA, ). 'The

TWB
subscript F refers to T, (Tor).

( X
k, Clo(u)
1+ iqu

rall - q}f c‘{(u)] - tu
OKA(u) Ry 1-4q, bFA(ﬂ ¢y (u)

\
0A(u) = OKA(u) $FA(u) » where
Cy(u) = gyl [l - gy CF(u) = tu} &,0r,\[1 - qf CF(3)) = 4w}

P = gk [ ) sl @
P(eB) = 1 - P(A) - P(B) .

Special Case: Zero flight time.

:“

i
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( K,
u(g,” ¢, ()
1+ ' T
b o ILI - q (‘li‘(u'] ) 1“

¢ (\Z) = ¢ (u) w P 4, -(“)< WA, 4

@ A ATATE T-q,6,Tu)
where \ ’ i

C,(u) = &A{rWAl[ qA C, )] - fn} .

Example: let X, ~ ned(r, ), Xg ~ ned(rn) » where B has unlimited

ammunition, and let

[a, Cl(u)]k ~ 0

k
o () » —AA [y, ot T IATA ]" >
A pry + du ] o - du TR J
P, T
B(u) * 5 ?iu
Pp¥p

k
Py T T r, 4 0
T&31 KA) = —h A [1_ PpT'p <r A SA ) :I i
A

Bp¥p * PpTp Pp'p * Twa * Tya t Pyly

XIII. PBURST FIRING

A. TIME BETWEEN ROUNDS IN A BURST IS A RV

Let ~ fixed number of rounds i fires in a burst

%y
'I‘i - rv, time-between-bursts

c21h
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Ty

&i(u.) weef of T

= rv, time.between-rounds in 1's bursts

i

(u) » o of T

é'G;\ Gd

\fhem i = A,R.
Ppby ()1 - (4405, )) 4]
[1 - Q‘&m(u):ll:l - q:“‘ ¢, (u) $;fl(u)]

6, (u) =

2) w sk [ e (e du
OIS EXSIE

Example 1: Let T, ~ ned(oA) and T, ~ md(oB)

Toa ~ ned(rA) and T.. ~ ned(rB)

o5

e

0 and

(gpry + Py + BTy + oy )lryrp(mpry + o) + (rp = xy Jogryop]
Ppip
P(A) = + (ryry * 21;’3“3) + (pary0, - Pprpop)
(Parpoy = Byrpop)” + (pyr,+ op)(Pgrp+ o) (Byrp0y+ PpThop) )

r
B .
+ pprpop (ppry + °B)2 + Pprpop(pry + 0y )" ‘

Example 2: B does not fire in bursts. let T, ~ ned(pA); Tgs ~ ned(r,)
xhople © . :
and Xy ~ ned(rB). Also let qAA ~ 0.
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P2, (1) + ppryp)
(op + PgTp)(PpTy + Ppty)

I @ )

B. TIME BETWEEN ROUNDS IN A BURST IS CONSTANT

A (oyrst firer) B_ (no bursts)
= rv, time-between bursts xB - rv

\I TA
TGA = time~between-rounds in s

] : burst = a (constant)

) z = number of rounds in a burst
i (£ixed)

| £,(t) = par of T,
: $A(u) =ct of f,(t)

z
Pa) = Z}ri f PA$A(-u)[l-qA exp(-iauz )) pBJ,B(u)du .
L {1-q, exp(-iau)][l-qzéA(-u) exp(-iau(z - l))](l-qnth(u))u
Exemple 1: Let T, ~ ned(p,) and Xy ~ ned(rB). 1
'
?
Ha) = - PAoA[J. - q: exp { - za pBrB)] . 4
[" - q, exp(-etx.':BrB)][pA + Pypry - quA exp(-(z-l)apBrB)] 5
Example 2: Same as Example 1, except let z = 3, .{.
|
op & P {1 - [q exp(-apBr )]3} 1
p(A) = A A A B . !
(1 - q, exp( -apBrB)]{a.pBrB + 0, °‘[l'qA(qA°"P("PBTB))2]} j
=16 ‘é
#

P
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g
b Consider three dimensionless parameterc:
' 5 (1) e PpTp (B's hit rate /A's firing rate between rounds in a burst)
g ]
4 - (2) a oy (A's rate betweer bursts /A's firing rate between rounds
; in a burst)
b ,
b ‘i (See following plotted curves on next page).
j &
f A

5 XIV. MULTIPLE WEAPONS

A. VOLLEY FIRE (ALL WEAPONS FIRED SIMULTANEOUSLY)

T

N b
; . h Unlimited Ammunition

Ammunition fired in volleys of v and w rounds by A and B;

i T ST T

| respactively. Let }%
u p, = PlVolley by A hits]
i XA = rv, IFT between A's volleys ‘3
d, = Pla given round in A's volley kills (A's volley hits]. This a

.‘;

is the same for all rounds in a volley and, all are independent.
With similar notaticn for B.

pa) = oL fL ¢, (-u) o (u) W

]
u !
|
where 1
1
o () (1-(- dA)v]pA$A(u) } :
g . 1
A\Y v i
|
Example: Let X, ~ ned(rA) and X ~ ned(rB) . Kw & F1 ; %
217 §
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(63}

Qpa
(b)

BN

3
-~

PA)

9 N R

(@
n

3 4 5

(c) :
Burst Firer Versus Random-Firer R
A5 (Both ned)

ap,
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v
pA) = p,rall - (1 - dA) ] .;
pArA[l - (1 - dA)v] + pBrB[l -(1- dE)w] ,g
2. Limited Ammnition )
Let PIT=1) =ay and PIJ=3) =B, for 1,3 =0,1,2,... i

VI NENUSENSE LR R
i 1-(1 - dA)v (1- dA>" P, b, (0) !
6 () = o) T= gt
)
. { Z ori(l - IqA*Am(J - 1+1,1) )

=1
Pmlsya ) a Y(U“““[u-a)"]"
A 1 L. x ' Pada A ’
w0 L) k=0

and similarly for B.

P(AB) = PfﬁA] P[ﬁ.B] .

Exmple: Let o, = (1 - al’ and By = (1- B)ed for 1,5 = 0,1,2,...

with XA~ned(rA) and XB~ned(rB). If 4, and d, are

sufficiently small that (1 - dA)" ¥1-4,v and (1- dB)“' =

l- dBw, then




i FD - CRIFT
i
{
%.: a pArAdA v }
¢ B(A) = { AL = O(L = p,a, vJ] + rgll = B(L - pay )]
i :
1 . Prydy ¥ . 1-8 @ Ppdy v
n TP - W) |7 | T- P - gy ) || T- 6ll-pyd, V)
1
. -
AR Kw & - l-a l-8
. Bl P(42) 1-all«pd, v) 1-PB0 - pdy v ’
o B. MULTIPLE WEAPON « FTRED RANDOMLY
“‘I I‘ ) ar
%vﬁ A has k weapons with Rpg ™ ned(rAi) and kill probabjilities Ppy’
SI , i = l,Z,...,k
;: B has £ weapons with Xp, ~ ued(rBJ) end kill probabilities py,,
":(.v J - 1,2,...,1.
A Poe T
¥ | P[A, kill by i-th weapon] = m At Ai .
“
| S p,,Ty,+ % p.,r
= AMTALT D) PBsTEY
X
- P Pas Tay i
9 P(A) = 1=
s Pas¥as ¥ % Po.T :
| g TMIALT ) TBYTBY j
‘,};. If Ny, =7rv, number of rounds of the i-th kind fired by A in

L

making a kill, then

cezo
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?

; " ; 1
: D, .T r,,+ = T ORI S
é' ' i Al Al Al V“l’ v#i av gV ng BJ BJ
i &
‘ ElNyy 0 Al " p Z
3 ' Y PpsTagt T PpyTy
b =1 LM gy TBTH
g ]
b
3 : 2 i k !
‘ Y o 2y, Paalasl Tae ¥ = Pyra.+ T po.r
P ] A1PAL Ai_ Al Va1, Vi Aviav T ) PRITRS
oo : ViN,,,A] = - v . Bhl
;; , Al X ’ JB
i S Py iTay v O Dol
! Al A
v L 4=1 Pogm TR
g t C. MULTIPLE WEAPONS = FIRED ALTERNATELY
s : Each contestant fires two weapons alternately. {
P! For A: Weapon 1 - kl rounds fired each cycle, each with kill probability

17%% and IFT XAJ. _
Weapon 2 - k'z rounds fired each cycle, each with kill probability

Ppo and IFT xAZ

For B: Weapon 1 - zl rounds fired each cycle, each with Ppy and IFT Xm

Weapon 2 - I.a rounds fired each cycle, each with Prp and IFT XBE.
Each contestant starts with Weapon 1 unloaded.

(%%muwmmmﬁm-%%mn%mw>

ky k, f

. [qméu(u)] (l-{qu‘i?Az(u)] [l-qu$Al(u)]

[ e i i s O . o212

OA(u) =
me'mmm-%'%ﬂ”]
- {1 - gy, bAl(u)]K'L (4,5 J’Az(u)]kz}’ i
.
i
4

-

l"' 11 g ST g
B 0 o —— e T A e 1A T ORERIUREIKE Y
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for ¢ (u}, replace A by B, k, by 4, and k, by £ .

) e gk [ s g &

Example 1: Let T ned(rn') and Xpp ~ ned(rAz)
Xgp ~ ned(rBl) and X, ~ ned(rm )
and ‘.tl-kz-ll-.&a-l.

:'-‘_-vj'car:"—-{l; m”"‘f IR

TarTaz(1-9408y) = 1,7, u
L) B

-u « iu(r,. +

OA(u) " ——
ALt Taz) t Tt (- apa,,)

’

and, similarly for ©;(u).

2
TprTaz (L= 90, M (rgy + 1 ) 4 (rpy*+vpp Mgy + )

+ rAerz(l-ququ) - rBerz(l - quqB’:? )]

+

(g * Tz * gy ¥ T gy Py PP (1 = 9505

- Tp1Ppy Tay Tz (1 - 444,51

P(A) = - * T PaPm TpTe (8 - g )t ryyra (- a9, )

: 2 \
lr T2 (b~ ) = Tyrap (1 - aiap)) )

gy v Mgy 4 v Mrgyry (- qpiagy Jory vy (1 U2 )]

r 2 24
* g Tap (1o 9y000 Mlrg + rp, )4 Ppa e (1= py Qg Mryy + 1y )°)

Example 2: Iet !1 - LE = 1, A hes only one weapon. Alss let,




v
F
(3]

X, ~ ned(rAl), X5 ~ ned(rm) and X, ~ ned(rBz) .

v AL 5D

P(a) = 7 PAARATA T ¥ Tre ” mafyy :
Bata) + ol 4 T ) ¢ Ty (- apyap)
% :
% ; Example 3: Let kl = kz = ), B has only one weapon. Also let,
-
' | Xy ~ ned(rAl), Xpp ned(rAz) and Xy ~ ned(rB) .
Pt
E é pa) = TarTaz(l = Gadup) * PayTay Pyl —_
- . 2 )
- (rgrg)” + pymplryy + 1) + Tpymp (1 = 9p08p)
Eo
i ‘ | D. MULTIPLE WEAPONS, EACH FERED CONSECUTIVELY UNTIL FAILURE
o

l. Ammunition - Limitation

Let A - k rounds initially Let B - £ roundc iniiially

T R T e - e e

- weapons -
mA eap m:B weapons

X, ~ ned(z‘A) Xy ~ ned(rB)

Tip - ned(rLB)

TLA « time-to-failure, same
for each weapon when
in use ~ ned(rm)

)« gy [ Gulw) G & s g 00 - €0

o AR, . P T T
i 96 T - <

ek ab

P(AB) = °AO(0) OBo(o},

where

FRIRE IR RISt

CAREY W

s
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TIC TR ARy

SO A= S A

b o mA
k LA
¢ (0)=gq, I (km)-‘-(———)I (m,,k)
A0 A r, ) .\ PpTp * Tpa <M A
r, + Tra T + Ty
Pp T
oAl(u) - PyTp - iu
QY Ty Nk
. 1-< > I ] (k,m, )
Tp " iu ( rA iu A
rA+rm-1u
m
i rm A .
PpTp + T iu <pArA+rm-1u)
rA+-rm-iu
2. Unlimited Ammunition - Random Initial Supply of Weapons
[_J [ ]
PM, =4)=0a,;,; L a,=1; PM =3]=s, L g, =1; with
X, ~ r.ed(rA) and X ~ ned(rB)

T, ~ ned(rLA) and

Ty ~ ned(rm) .

Pa) = 5 fL 6 () 0 () 8+ o (o)1 - ¢,,(0)]

P(AB) = &, (0) €, (0)

224
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where

b o i
E LA
AO i PpTy + Tra

i=0

i
Qm(u) N pA:i-A l: z (pAA+ rm-iu)] )

Example 1: Let o, = (1 - a)'  and Py = - p)p

L]

Prallry, (1 = @)+ pr,d + (1o B)ppry + v, N}
P(A) = UrmTl - o) = PATAT[!'IA(I - Q)+ PpTy * rLB(l -B)+ pBrBTJ

(1 = @)1 - B)p,ry + v, Npgry + rpp)

[rm(l - Q) + pArAjerB(l -8)+ pBrB1 ¢

P(AB)

Example 2:

For A: m, weapons (fixed) For B: 1 weapon (no failures)

X, ~ ned(rA) X, ned(rB)

Tia ~ ned(rm)

m

PA) = —ATA [, | “1A )A
PaTs + DT r., + p,r, + p.r
ATA ¥ PpTp 1A T PaTp T PpTy

P(AB) = 0 .

Bh€

c225
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XV. MARKOV-DEPENTENT FIRE

See FD . FIFT for notation (pages C97 and 98).

A. FUSITIVELY CORRELATED FIRE

A fires with positive correlation between hits

B fires with independent hit and kill probabilities

< ! - -
¢ A is a three-state firer, (H, HK,K)
[
o
» 1t PlH |H ] ry» Pl |H _,] P, PP
Lo and
%
A & P(K, | 1,) p,» forall 1.
E;: Then
PlH, ] |
| B! =" T-p,vm ; o= Corr [Hy,Hy ) =9y -m -
g P, P
Pt Py
-,:,j; T8, (IT-1,* (L - 7 )(1- 6, ()] + B (L-p,) 6,(a) )

B 1is the firer with independent hit and kill probabilities, i.e.,

P(K, lnil =1, P[H,) = p, for all 1 .

226
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S o (- Su
P(A) = 7 fL al-u) €p(u) SF .
Example: Let X, ~ ned(l1) and Xg ~ned(rB) .
C,C u-C
4 = - T
3 /e - G
oo vhere
S c, = % 1+P'P(1-p)+\[1+ e p(1-p ) - bpp
1 2 1” % k Py = Pold = Py PPy
& -
o - 1 2
i @ " 2 [1 * 7 - (2 - py) '\[1 * Py - Rl -p) - bpppy ]
C3 = ] - po + pl .

i i s . TG AT L o e e e 0, vl il R oo F A e e s R s R A SN

y
© PO S
plu) = C, - tu
vhere C, = PyTy |
P(a) 2% %" 4) . Fi1
|
B. IFT'S ARE STATE-DEPENDENT AND ned |
'rAit
For A: pdf IFT when in state E,=r,, ¢ » £ 20 ;
= 0 , elsewhere 'f
for i =1,2,...,m. "
227
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Tr0
: ) rAl. 0
D,(r = ®e
ATAL TaL
[ ]
0 ®e
TAm
ﬁ = DA(rAi)(SA - 5) s i - 1,2,...,!‘!1 »

A, = i-th characteristic value of A, 7\0 =0, A

<0 (1#0) for

i
i-l’z,lﬂ.,m *

If A has m+l linearly independent characteristic vectors, then

let

14

be the matrix of characteristic vectors of &
x! be the m-th column of xt

and X5 be the vector whose 1i-th component 1is the product of the
20

i-th component of xg with the i-th component of xl;l .

For B: Interchange A and B, m and £
X and Y (for B), x and y (for B), E and F (for B),
and N and @ (for B).

Now let Z = an mXx ! matrix, whose ij-th component is (7\1/(7\i + °.1)

1. ¥D
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FD = CRIFT

© © TAt Tgt
-=A L %g A?A%z E:L‘Ed‘tdt

PA) = % Y

P(B) = 1 - P(A) .

FD with Fixed Surprise-Time

Let A have 7T units of time before B acquires A and commences

the FD.

T At © (] At
P(A) -"[O :I:gz AEA+\-/.T ft Ezg A&égbt(xﬂ)ﬁﬁbdxdt

o NT v LT
Rl ) - 2n X N

At
where ¥ = an mx { matrix, whose ij-th compcaent is (7\i e i /7\1'+ Oj)

P(B) = 1 - P{A).

3. FD with Random Initial Surprise
et £ (t) = % et/C £t>0, C>0

TS c =7
= 0 , t <0
CA

T i 1 7

P(A) = ( -———) vz wh
RRELTTN, /%" C X ¥ Yo ere
229
s B . ot
- »':';: R P IR 30 N 7 e L N N PR X 0 T T T W — S — e




TT TRV PR TR RNy BT LN TREE T & e L AR RS AT CTYRN T T

FD - CPYFT

CA

i
Bab U = an mx ! wmatrix, whose ij-th component is ( ‘ ).

C. CONTESTANT FIRING ORDER AND IFT'S ARE MARKOV-DEPENDENT
FD - CRIFT

Let Py = P[j fires next, given i fired last], 4,3 = A,B. Then

the transition matrix is:

A B
A Paa Pap
G, pm)

The IFT = X, if A fired last ,
= X, if B fired last .

Initially, at t = O, start as though A had fired last

q, $,(u)
¥luyy,) = {U(yA) + B [nyy = agbp(e)(BpaPy - pwpm)]}

y
fuy, - foA M (t)as
s @

YB
Y(u,yB) @ PaB p:fﬁ-(‘iz eiwg'fo XB(t)dt

c230
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- ¥,(u) = -’;% Pupén (0 = Ry(PypPpn = PypPyy) $,(a) &B(u)],
’ 5 vplu) = (pyMp,p é,(u),  where

TR T T

Woed - py a8, (u) = ppranbs(u) + quap(py,Pep = PpgPpy) §(0) dg(u)

p(A) = Pa[Pan = 95(PusPpp = PapPha )]
1 - 9Psp - 9pPpp * 9295 PaaPyp = Papaa’

T I T T T

Pr P
P(B) = 3— — 122 . ~ . Bu3(1)
9Ppp = 9pPpp" 949p'PaaPpp ~ PapPra

o o e E TR

D. MULTIPLE WEAPONS

Each Contestant has Two Weapons » Fired in & Random Markov-
- Dependent Order

A

B
Weapon 1: TIFT = X,., P,y IFT = Xgy0 Py
2 " Xpor Py Xy P
Weapon Firing Order Transition Matrices
a 4= P[A fires weapon 1 next |A fired weapon J 1last], 1,3=1,2
)
1 2 1 2
1 .« o] N 1 p
- 1 12 ) r, - ( n e ) .
2 N %y Gy R TR

In each case, firing starts with wczpon 1. If

231
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, C = a0y 4y (8D - a0 tdu)-aya,, (%)%, - %)) 4y (8) 8y ()

-; é,, (u)
é | OA(u) = Alcu [pAl+ (pAJ.quaZZ - unAzo‘m) &Az(u)] ’

SRS IR T

and similarly for B.

)« gy [ lw g &

Example: Let X,  ~ ned(rAl) and Xy ~ ned(rm)

Xpp ~ ned(rAz) and X ~ ned(rm) .

c «-ip,r,,u
. A% ALTAL
OA(“) (el - iu)(cz -« iu) ! where

)+ ¢ =y (e g+ rp(1 - qp0)

16 = TpTppll e g0 - @0, + gy0,(0 0, -0, )

B 1is obtained similarly by replacing C, c, % with D, d].d?'

{ (e + e+ ) + Gllpyry 44 - BTy ¢y, ¢ oy (a) + "2)]}
P(A) = + (ege - 4,4, )(ey0p = PyyTpy PyyTpy)

{(cl"z - "1"2)2 + ey + ep)(a) + &)ege, + 4105) } 1

*oegeyle) "2)2 + dydy(e) + °2)2

23
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FUNDAMENTAL DUEL - MIXED INTERFIRING TIMES
(FD - MIFT)
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}
;

Let X, = & (£ixed) and Xy = arv, then
1 1 ® d
- = — u) © du
) = v g [ g g &
1 du
= 2.”1 fL OA(“‘U) QB(u) u

1 f P, exp (= f8,u) préy(ulau
emi Jo |

1-4q, exp (- ia;'u)]Tl ™ o (w]u

Example: let X; ~ ned(rB) .

ppexp (-a) ppry)

P& = 1T q xp (-8, PpTy)
D, exp ( } pBrB)
A rA
" r
1-4q, exp < " Ty 2 )
A ,
where
1 =
a r, -

Flots of this expression are given below.
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